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We present a dynamic voltage scaling (DVS) technique that minimizes system-wide energy con-
sumption for both periodic and sporadic tasks. It is known that a system consists of processors
and a number of other components. Energy-aware processors can be run in different speed levels;
components like memory and I/O subsystems and network interface cards can be in a standby
state when they are active but idle. Processor energy optimization solutions are not necessarily
efficient from the perspective of systems. Current system-wide energy optimization studies are
often limited to periodic tasks with heuristics in getting approximated solutions. In this paper,
we develop an exact dynamic programming algorithm for periodic tasks on processors with prac-
tical discrete speed levels. The algorithm determines the lower bound of energy expenditure in
pseudo-polynomial time. An approximation algorithm is proposed to provide performance guar-
antee with a given bound in polynomial running time. Because of their time efficiency, both the
optimization and approximation algorithms can be adapted for online scheduling of sporadic tasks
with irregular task releases. We prove that system-wide energy optimization for sporadic tasks is
NP-hard in the strong sense. We develop (pseudo-) polynomial-time solutions by exploiting its
inherent properties.

Categories and Subject Descriptors: D.4.1 [Operating Systems]: Process Management—scheduling; D.4.7 [Op-
erating Systems]: Organization and Design—real-time systems and embedded systems
General Terms: Algorithms

Additional Key Words and Phrases: Real-Time Systems, power-aware scheduling, dynamic power
management, dynamic voltage scaling

1. INTRODUCTION

Power management is important for battery-powered embedded systems. Dynamic volt-
age scaling (DVS) is one of the most effective techniques in power-aware design because
the energy consumption of a CMOS circuit has a superlinear dependency on the supply
voltage, whereas an approximately linear relationship between voltage and delay [Pering
et al. 2000].

Conventional DVS algorithms consider only processor energy, with a focus on optimiz-
ing dynamic power consumption. More recently, as leakage power is growing rapidly with
each technical generation, researchers study the problem of reducing both the static and
dynamic power of a processor [Martin et al. 2002] [Jejurikar et al. 2004]. In addition
to processors, most applications use other system components during execution, such as
memory, flash drives, and wireless interface. Most of the components support multiple
power states, such as active, standby (active but idle), and shutdown. If the components
need to be active during application execution, processor speed slowdown may lead to an
increase of the standby time of other components. The power of those components in a



standby state can be significant. For example the standby power of memory and wireless
interface can be as large as 0.4 W and 1 W in comparison with 2 W CPU power [Je-
jurikar and Gupta 2004]. Since the overall system energy consumption could be adversely
affected by processor slowdown, it is necessary to consider resource standby power to
compute energy-efficient processor speeds.

There were recent studies that take into account memory and communication interface
with [Cho and Chang 2004] [Li and Chou 2005] and without [Zhang and Chanson 2005]
[Swaminathan and Chakrabarty 2005] the presence of processor slowdown. Studies for
system-wide energy optimization based on a DVS processor have shown that there is a
critical speed for any application, below which it is no longer energy-efficient [Jejurikar
and Gupta 2004] [Choi et al. 2004] [Zhu et al. 2004]. The best strategy for system-wide
energy minimization is to run a task at a speed no lower than its critical speed and then
put the system in low power state when there are no ready jobs. In an environment with
multiple tasks having different deadlines and resource requirements, system-wide energy
optimization is to assign the appropriate speed for each task so that all tasks can finish
before their deadlines and the total energy consumption is optimized. Existing studies
for system-wide energy optimization with a DVS processor focus on periodic tasks with
complete timing information known in advance. Even for periodic tasks, it is still hard to
get an accurate analysis on a processor with discrete voltage levels. Researchers have tried
to solve simplified versions of the problem with relaxed timing requirements [Choi et al.
2004] or on a processor with continuous speed levels [Zhuo and Chakrabarti 2005]. There
are also heuristic algorithms to get approximated solutions [Jejurikar and Gupta 2004].

The first contribution of this paper is system-wide energy optimization solutions for
periodic tasks on processors with a limited number of speed scales. We prove that the min-
imization problem is an instance of the NP-hard Multiple-Choice 0-1 Knapsack Problem
(MCKP) with non-integer coefficients. Existing solutions to MCKP often assume inte-
ger coefficients and this assumption is invalid in the energy optimization. We develop
a dynamic programming algorithm to solve the energy optimization problem in pseudo-
polynomial time. As its worst case running time may grow rapidly with large number of
tasks, we propose a fully polynomial time approximation scheme (FPTAS) to bound the
worst case performance by a predefined value. Experimental results show that the opti-
mal solution leads to an energy consumption bound much lower than that of the heuristic
in [Jejurikar and Gupta 2004]. The performance degradation of the approximation solution
can be bounded by the predefined value with a much smaller average error.

Many typical real-time systems have both periodic and sporadic (aperiodic) tasks. A
sporadic task model is effective for applications with unpredictable arrival times and ex-
ternal events such as operator’s commands. The irregular releases of sporadic tasks call
for online decisions, assuming no a prior timing information until their releases. Recent
studies of online sporadic tasks energy saving based on DVS were limited to reduction of
dynamic energy consumption of processors [Qadi et al. 2003] [Lee and Shin 2004] [Zhong
and Xu 2007].

The second contribution of this paper is system-wide energy optimization solutions for
online scheduling of sporadic tasks on processors with discrete speed scales. The solution
can also take static processor energy consumption into consideration. The speed assign-
ment is optimal in the sense that the decision is made online without assumptions about fu-
ture task releases. We show the problem is essentially a Multidimensional Multiple-choice
0-1 Knapsack Problem (MMKP). In general, there is not a pseudo-polynomial solution nor
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an FPTAS that provides bounded performance degradation in moderate running time for
an MMKP. In this paper, we present both a pseudo-polynomial algorithm and an FPTAS by
exploiting inherent properties of online sporadic task scheduling, in which the feasibility
of a task does not depend on tasks finished later. Experimental results show that energy
consumption of the optimal solution can improve upon a recently proposed competitive
algorithm [Zhong and Xu 2007] by up to 57%. The approximation scheme strikes a better
trade-off between energy-efficiency and time complexity.

The rest of the paper is organized as follows. Section 2 reviews related work. Section 3
provides power and task models of the system. We present the optimal and approximated
solutions for periodic tasks and sporadic tasks in Section 4 and Section 5, respectively. We
evaluate the performance of the algorithms in Section 6. Section 7 concludes the article.

2. RELATED WORK

Extensive studies on energy savings have been conducted for periodic tasks under DVS.
An emphasis was on dynamic energy consumption of a processor. Recently, the impact
of non-negligible leakage power on DVS was explored. For examples, in [Jejurikar et al.
2004], the authors showed the existence of processor critical speed, below which it is
not energy-efficient for processor slowdown. Leakage-aware task scheduling with fixed
priorities was studied in [Quan et al. 2004]. Task scheduling over multiple leakage-aware
processors was investigated in [Chen et al. 2006]. In this paper, we consider system-wide
energy expenditure including both static processor power and standby power of various
system components.

There are several initial studies on system-wide energy optimization. In [Choi et al.
2004], the authors proposed an interval based frequency setting policy that would min-
imize system power consumption of a program subject to performance loss in terms of
increased execution time. Their approach can be best applied to applications with soft
deadlines. Processors with continuous speed levels were studied in [Zhuo and Chakrabarti
2005] with a static speed setting policy, and extensions to online slack distribution and pre-
emption control. In [Cheng and Goddard 2005], the authors studied system-wide energy
savings of periodic tasks with non-preemptive shared resources. They considered the case
when devices have non-zero transition delays and did not put devices in sleep in order to
guarantee all jobs meet their deadlines.

A closely related work is presented in [Jejurikar and Gupta 2004]. The authors con-
sidered periodic tasks on a processor with discrete speed levels and proposed a heuristic
algorithm to the system-wide energy optimization problem. The algorithm starts by setting
all tasks to their critical speeds and adjusts speed of a task that can lead to the minimum
energy increase per unit time. The adjustment continues until a feasible schedule is found.
Although the algorithm is more energy-efficient than traditional DVS, it remains unclear
how good the algorithm is and whether there exists a solution producing more energy sav-
ings. In this paper, we answered these questions by proposing an optimal solution and an
approximation scheme with bounded performance degradation.

Furthermore, we adapt the optimal and approximated algorithms to online scheduling of
sporadic tasks. A general online DVS approach for sporadic tasks is to set processor to the
lowest speed at which there is no deadline miss. For example, an adaptive algorithm based
on linear filter theories was proposed for sporadic tasks on processors with continuous
speed levels [Zhong and Xu 2007]. This time-variant algorithm is able to find the lowest
feasible speed without future task release knowledge. In this paper, we consider system-
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wide energy minimization for sporadic tasks on processors with a more practical discrete
speed scale.

The connection between DVS for periodic tasks energy optimization and an MCKP was
first established in [Mejia-Alvarez et al. 2004]. The authors modeled the processor energy
minimization problem as an MCKP, transformed it to a standard knapsack problem, and
adapted a heuristic algorithm to solve the problem. In [Chen et al. 2005], the authors for-
mulated energy minimization as a Subset Sum Problem, which is known to be a special
case of the knapsack problem when power characteristics of all tasks are the same. They
then proposed an approximation solution with performance guarantee. An MCKP formu-
lation for energy minimization was presented in [Rakhmatov and Vrudhula 2003] with a
focus on the impact of battery recovery and discharging rate. Heuristic algorithms were
developed for approximated solutions.

All the related formulation only considers dynamic energy reduction of a processor.
System-wide energy optimization involves other system devices in addition to a processor.
Their standby states make the lowest feasible speed not necessarily energy-efficient. There
exist studies on power management for devices without using processor slowdown. For
example, in [Swaminathan and Chakrabarty 2005], the authors considered dynamic power
management via I/O device scheduling. They showed that the energy minimization can
be reduce to a sequencing within intervals problem and solved it with both optimal and
heuristic algorithms. In this paper, we consider an environment with a DVS processor and
multiple devices. We prove that the energy optimization for periodic tasks is an MCKP
and develop both optimal and approximated solutions. The approximation algorithm dif-
fers from existing heuristics in that it provides performance guarantee for any predefined
bounds. In addition, existing studies for system energy optimization are limited to peri-
odic tasks. We make one step forward by connecting online DVS for sporadic tasks to a
Multidimensional Multiple-Choice Knapsack problem.

We note that there exist studies that model intra-task DVS, which allows many scaling
points during the execution of a task, as special cases of Subset Sum [Xu et al. 2004] and
knapsack problems [Xie et al. 2005] [Yuan and Nahrstedt 2006]. In contrast, we consider
inter-task DVS because it is easy to implement and needs fewer number of voltage/speed
switches.

3. PRELIMINARIES
3.1 Task Model

We study two types of hard real-time tasks, periodic and sporadic (aperiodic) tasks. We
assume all tasks to be independent and preemptive, scheduled by the Earliest Deadline First
(EDF) policy. Consider n periodic tasks in a uniprocessor system. Task i is characterized
by a tuple {C;, T;, D;}, where T; denotes task period and C; is task execution time under
the reference frequency. The relative deadline D; is assumed to be equal to task period
T;. To guarantee the task set is schedulable, we assume the cumulative utilization does not
exceed one, i.e., Y i, % < 1.

Another type of hard real-time task under consideration is sporadic tasks. Each sporadic
task, denoted by a tuple {A;, C;, D;}, is characterized by its release time A;, execution
time C}, and deadline D;. The arrival time of a sporadic task can be arbitrary with irregular
intervals. We therefore do not assume knowledge of future task releases at the time of speed
assignment and parameters of a sporadic task are known only after its release.
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3.2 Processor Energy Model

We consider a uniprocessor computing system. The processor can scale its supply voltage
and clock speed with m discrete levels within its operational ranges. We let S denote the
normalized clock speed with respect to the reference frequency. Note that whenever the
speed of a processor is scaled, its supply voltage is scaled according to a roughly linear
relation. For example, according to the power model in [Martin et al. 2002], the relation is
expressed as

o (Vaa — Vin)®
 LiKg

where V4 is the supply voltage, V;y, is the threshold voltage, Ly, K¢, and « are technology
constants for a given processor. Denote the speed for task 4 as S;. The execution time of
task ¢ under slowdown speed S; is C;/S;. The scaled system utilization is ) ;-_, TCS

Power consumption of the processor at a frequency f is denoted as P, (f). It includes
both a dynamic power and a static (Ileakage) power consumption, which can be represented
as [Martin et al. 2002]

Pcpu(f) = Ceffvdgdf + Isubnvdd + Pbsa (2)

where C.¢y is the effective switched capacitance and can be application specific, Isubn
and P, are used to represent effects of the subthreshold leakage and the reverse bias junc-
tion current respectively. In this work, we do not assume any specific form of the power
function. Combining (1) and (2), recent studies conclude the existence of critical speed
that minimizes processor energy [Jejurikar et al. 2004]. Below the speed, static processor
energy dominates and it is no longer energy-efficient.

(1

3.3 System Energy Model

In addition to processors, the system under consideration contains other resources. Power
consumption of a resource includes both active and standby power. It is assumed that
active and standby power of resources is independent of processor speed. If a resource is
not used by an active task, it is put into a low power state. Task ¢ requires a subset R; of
the resources for execution. Standby energy of resource j for task ¢, denoted by Ef]td, i
equal to the standby power multiplied by task execution time, i.e., E*td P*td C;/S;.
If the task uses the resource only during a portion of its execution tlme we can replace the
task execution time with the actual standby time. Similarly, the active energy is the active
power multiplied by access time. We assume the access time remains independent of .S;.
That is, the active energy consumption E2°* does not change with S;. The system energy
for task 7 under speed S; becomes

Ei(S;) = Popu(Si) - = + dopit. 2 + Eget, 3)
JER;

Similar system-level energy models have been defined in [Zhuo and Chakrabarti 2005]
[Jejurikar and Gupta 2004],

In a processor with a limited number of speed levels, the critical speed of task 7 is the
one that minimizes E;(.S;). Figure 1 shows the energy consumption in execution of one
cycle for the Intel’s XScale processor [Intel ]. The processor can be run at five different
speed levels, 150 MHz, 400 MHz, 600 MHZ, 800 MHz, and 1000 MHz, with power con-
sumption of 80 mW, 170 mW, 400 mW, 900 mW, and 1600 mW, respectively. We assume
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Fig. 1. Energy per cycle vs. normalized speed for Intel XScale based systems with different standby power.

there are three other components in the system with standby power of 0.2 W, 0.4 W, and
1.0 W, respectively. These are typical values for memory, flash card, and wireless inter-
face [Jejurikar and Gupta 2004]. We draw energy consumption per cycle for applications
that use processor only, memory (0.2 W), memory and flash drive (0.6 W), memory and
wireless interface (1.2 W). The critical speeds of the applications increase with standby
power. For example, the critical speed of the application with standby power of 0.2 W has
a normalized critical speed of 0.4; it increases to 0.8 when standby power becomes 1.2 W.

We denote the system level critical speed of task i as S<*. Due to the effect of resource
standby power, S¢"* is no smaller than the processor critical speed. The minimum speed of
task i, denoted by S, is the larger value of the speed under minimum processor speed,
denoted by S™", and the critical speed, S¢"%. That is, S/ = max{S™" S¢rt}. The
set of speeds for task 4, represented by €;, is a subset of available speeds from S to 1.
Its cardinality m; can be much smaller than the possible number of processor speeds m if
the task has a large critical speed.

4. PERIODIC TASKS
41 Problem Formulation

For a set of periodic tasks, we define hyper-period 7' to be the Least Common Multiple
of Ty, ..., T,,. As the schedule repeats every T' time units, our objective is to minimize
the overall energy consumption during each hyper-period. According to studies in [Aydin
et al. 2001], for any task ¢, it is optimal for all its task instances to run at the same processor
speed. We formulate the optimal voltage scheduling problem as

T
minimize Z ?Ei(SZ—) 4)
i=1 ¢
subject to Z <1 (%)
o TS
St <8 <1,1<i<n. (6)

The constraint (5) ensures the task set under EDF scheduling is feasible. We show in
Theorem 4.1 that the optimization problem is NP-hard.



THEOREM 4.1. The problem defined by (4)-(6) is a Multiple-Choice Knapsack Prob-
lem (MCKP) with 0-1 variables, which is NP-hard.

Proof: Let x;; denote a 0-1 decision variable. If task  is assigned to speed j € €, x;; = 1;
otherwise, x;; = 0. Equations (4)-(6) can be rewritten as:

minimize E g E;(Sij)zi;

i=1jeQ;

subject to Z Z x” <1
=1 j€Q; Z
injzl,lgign.
JEQ;

With a unitary capacity denoted by c, we let —%Ei(Sij) be the profit of item j from class

1, denoted as p;;, % be the corresponding weight w;;. The problem formulation is then
i904j

identical to

n
maximize E g DijTij

i=1j€Q;
subject to Z Z WijTi5 < €
i=1jeQ;
d ay=11<i<n,
JEQ;
which is an instance of the well-known NP-hard MCKP. O

4.2 Optimal Solution

Studies showed that MCKP can be solved optimally in pseudo-polynomial time using dy-
namic programming [Dudzinski and Walukiewicz 1987]. Its optimal solution could be
achieved if all its coefficients are integers. With all values being integers, the algorithm
forms a dynamic table with indices from 1 to the maximum value and all values in be-
tween can be enumerated. To apply this solution to the energy optimization problem with
non-integer coefficients, a straight-forward approach is to scale and round the energy or
utilization values to integers. This is only an approximation and it remains unclear to what
extend we should scale the values. In the following, we develop a dynamic programming
algorithm for the energy optimization problem with multiple choices of CPU speeds. It is
along the line of recent advance of single choice knapsack problem [Kellerer et al. 2004].

4.2.1 Dynamic Programming with Lists. The basic idea of the proposed approach is to
solve a subproblem with fewer number of tasks and then extend the solution iteratively until
the complete problem with n tasks is solved. Consider a subproblem of (4)-(6) consisting
of the first 7 tasks. We use a pair of two variables (i, €;) to denote the aggregate state
of the 7 tasks, where ;, is the accumulated utilization and é;, is the corresponding energy
sum. Let [; denote the number of states after task ¢ is enumerated. For¢ = 1, ..., n, we form
a list of all the utilization-energy values, arranged in a non-decreasing order of energy,

L; = (a1, €1), (T2, €2), ..., (i, , €it,))-
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Initially, we have list Ly with zero energy and utilization values. List L; is obtained
in three steps. We first get a number of lists L ; by adding utilizations and energy values
of task 7 under speed j € €; to each state in list L;_;. We denote the component-wise
addition as

Li; = Li—1 @ (uij, €ij)-

Secondly, we merge the lists L j»J € €2, into one list in a non-decreasing order of energy
sums. We then prune the list according to the following conditions.

(1) Feasible condition. A schedule is feasible if no task misses its deadline. A state does
not lead to a feasible schedule if the sum of the accumulative utilization of the first ¢
tasks and the minimum utilization of the remaining tasks exceeds one, i.e.,

n C

_ k
Uss + E — > 1.

k—it1 Tk

It means the resultant solution is not feasible even if the remaining tasks run at the
maximum speed. We remove these infeasible states.

(2) Energy pruning. After the first condition, we get a partial solution to the first ¢ tasks
that can generate a feasible complete solution by simply setting the remaining tasks
to the maximum speed. Consider the state with the smallest energy in the solution,
(141,€;1). With all the remaining tasks running at the maximum speed, their energy
consumption €;1 + ZZ:; 11 Ey (1) becomes an upper bound because the solution is
feasible and the optimal solution should not consume more energy. If any other states
in the partial solution require more energy, the states would not appear in the optimal
solution and they can be removed. The minimum energy required for a state can be
obtained by running the remaining tasks at their minimum speeds. This leads to the
following pruning condition

i+ Y Er(SP) >en+ Y, Er(l). (7)

k=i+1 k=i+1

(3) Dominance pruning. We define a total order on list L;. If two states (ui;,&;;),
(Tik, ;) satisfy the conditions that @;; > ;, and €;; > &, or U;; > U, and
€;j > €, then the former state is said to be dominated by the latter. The former state
will not enter the optimal solution and can be removed from the list. Intuitively, if
a state uses more energy while leading to a larger utilization rate than others, it can
always be replaced in each iteration.

We list the pruning procedure Dominance-Prune() in Algorithm 1. The procedure finds
the list of undominated states in L’ and returns it as L”. The smallest state in the list L’
(or L") is (1, €,) (or (@}y,€/;)). For brevity, we use (a’,é’) (or (a”,€")) to represent
the smallest state in the respective lists in Algorithm 1. As we consider the states in a
non-decreasing order of energy sums, we have & > €. There are two cases:

(1) @ < u” and & > €”. Neither state is dominated by the other and we add state (@', &’)
to the end of list L.
(2) @' > @ and & > €. State (¢/,¢’) is dominated by (a”,e"”) or (@’,€") = (a”,&").
We do not add the former state to list L”.
8



Algorithm 1 Pruning of a list by removing dominated states.

1: procedure DOMINANCE-PRUNE(L’)

2 add a state (0, co) to the end of list L’

3 L// — @

4 repeat

5 delete the smallest state (@, &) from L'
6 if (¢’ < o) then

7 letu” =ocoif L == > (a”,e") is the smallest state in L”
8 if (@’ < ") then

9: add (@, &) to the end of list L”
10: end if
11: end if
12: until & = co
13: return L

14: end procedure

Algorithm 2 lists pseudocode for the complete dynamic programming solution; it takes
as input a set of periodic tasks and returns the minimum energy. In the first line, we
determine the order of task iteration. For the purpose of getting the final solution, tasks
can be enumerated in any order because an arbitrary order does not affect the optimal
value and speed assignment. The task order, however, can be an important factor affecting
the number of states. We choose to enumerate tasks in a non-increasing order of task
energy under the maximum speed, E;(1), for 1 < ¢ < n. This is motivated by the energy
pruning condition (7). In each iteration, we only need to keep energy values in the interval
€1, €1 + Y p—;1 Ex(1)]. By enumerating the first i tasks with large energy values, the
remaining tasks from ¢ + 1 to n consume the least amount of energy, hence result in an
interval with a small length of 37", .| E(1).

Algorithm 2 Energy minimization for periodic tasks using dynamic programming.

1: sort the n tasks in a non-increasing order of energy F;(1),1 < i <n
2: Lo = {(0,0))
3: fori =1ton do

for all speeds j € 2; do

Lij = Li—1 @ (uij, €ij)

end for

merge L;; into a list L; in a non-decreasing order of energy

delete all states in Lj with @, +>__; 1 Ci /T > 1

delete all states in L] with €. + >, 1 Ex(SP""™) > €1 + 35,01 Ex(1)
10: L; = Dominance-Prune(L})
11: end for
12: return the smallest state in L,,

° ® >k

4.2.2 Complexity. Consider the running time of the ith iteration that adds task ¢ into
the list. Denote I; as the number of states in list L;, [} as the number of states in list L,
respectively. Lines 4-6 in Algorithm 2 are linear in the number of states in L}, which is
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equal to the multiplication of /;,_; and the number of speeds for task 4. Since L ; are sorted
lists, the running time of the merging of the lists into one sorted list will multiply the sum
of the lengths of the lists, I}, by the time to choose the lowest energy value [Knuth 1997].
As the minimum energy value can be determined in no more than m; comparisons, line 7
can be completed in O(m;l}). Lines 8 and 9 can be completed in O(l}). The running time
of Dominance-Prune() of the ith task is also linear in !} because all operations within the
repeat loop can be finished in a constant time with the states in a sorted order. As a result,
the running time of adding task ¢ is in the order of m;l;. Assume the number of states in L/,
is bounded by K, i.e., maxi<i<n !; < K. An upper bound of the running time adding n
tasks is O(>_""_, m; K). Similarly, the necessary memory requirement of the algorithm is
bounded by the number of states in a list. As we only need to keep the latest list, the space
requirement is O(K).

Let v, Epin, and E,,,, denote the computation precision of a real number, lower and
upper bounds of the energy consumption of the given n tasks, respectively. The lower and
upper bounds will be taken when all tasks run at their minimum and maximum speeds
respectively. The maximum number of states could be bounded by

Emax - Emzn
v

which can be unpleasantly large. Algorithm 2 may significantly reduce the computation
time by considering quantity sparseness and the pruning conditions. To demonstrate the
effectiveness of the state pruning operations in reducing the algorithm complexity, we run
Algorithm 2 with a set of randomly generated tasks. Figure 2 shows the number of states
during each iteration for 10 periodic tasks. Cases with different utilizations under the
maximum processor speed are presented. We first run Algorithm 2 without pruning. The
number of states reported in each iteration increases rapidly. But the pruning technique
reduces the state space dramatically and maintains no more than 200 states for all utiliza-
tions. The total number of states is reduced to 0.1% of its original value. The state space
generally expands in the enumeration of first few tasks as few nodes can be pruned by the
feasibility and energy conditions. As more tasks are enumerated, more non-optimal nodes
can be eliminated. The state space expands with utilization. This is because with a higher
utilization rate, the feasibility condition becomes more effective in identifying infeasible
states. When the system becomes fully utilized, the feasibility condition ensures there is
only one state in all iterations.

)

4.2.3 Optimal Speed Settings. Algorithm 2 gives the minimum energy value, but does
not explicitly return the corresponding optimal speed settings. A straight-forward approach
in getting the speeds is to maintain an array of speed settings for each state and update the
array whenever a task is added. In this case, an array of size ¢ is needed for each state
in L;. Storing and updating the arrays for each subproblem increase both the memory
requirement and the running time by a factor of ¢ in the ¢th iteration. We can improve the
approach by noting that the speed settings after the ith iteration will differ from those after
the (¢ — 1)th iteration only by the speed for task 4. It is only necessary to store the latest
speed settings in each iteration. We can achieve this by extending the state to a tuple of
three values (@, €k, 7), with j as the speed index of task i. The optimal speed settings
can be constructed by backtracking the n lists. Starting from task n, we find the speed with
accumulative utilization closest to one, update utilization under the assigned speed, and
repeat the procedure for the remaining tasks. A simple upper bound of the running time of
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Fig. 2. Effectiveness of state pruning with 10 periodic tasks

backtracking is O(nK), which does not change the order of the overall time complexity.
However, we need to keep lists of all iterations, which would lead to a space complexity of
O(nK). In short, the time and space complexities in getting the optimal speed settings are
oY, m;K) and O(nK).

4.3 A Fully Polynomial Time Approximation Scheme

The state space defined in Algorithm 2 can grow rapidly with the number of tasks; it
might be computationally expensive to get the optimal solution with a large number of
tasks and speed levels. Practically, it is often not necessary to find the optimal solution
with limited time and resources. An approximation algorithm providing a nearly optimal
performance, especially with a worst case performance guarantee, is more desirable if it
can be finished in reasonable time. The quality of approximation is measured by a relative
performance ratio. An algorithm is said to be an e-approximation scheme if for a given

value of € € (0, 1), we have EEF - < €, where F and E* are the energy consumption
of the approximated and the optimal solutions. A desirable approximation scheme should
have a running time which increases with polynomial time in both the number of tasks and
the performance ratio. This leads to a classification of schemes called fully polynomial
time approximation scheme (FPTAS) [Kellerer et al. 2004]. We will propose an FPTAS
for the energy optimization problem.

The approximation scheme works by reducing the number of states in each iteration.
The basic idea is to divide the energy values into a number of groups each of length r. We
will show how to determine r according to e later. Each energy value belongs to one of the
groups. For a group size r, we scale energy for task ¢ under speed j and then round it up to
the next integer, [ 4], which will be used to represent the energy values in each group. As
a result of the rounding up, the number of states can be reduced greatly so are the running
time and space required to solve the scaled problem.

Let .S} be the optimal speed setting of task ¢ for the scaled problem, which is not neces-

sarily the same as the optimal setting in the original problem S}*. Denote the approximated
11




energy consumption of the scaled problem with group length r as E". We have

=Y ms) <328 <5 BUE,
i=1 i=1 i=1

n

< Zr(Ei(S;) +1) = Z(Ei(S;‘) +7r)=FE"+nr (3)

r :
=1

The second inequality is because the minimum energy value of the scaled problem is no
larger than the energy under the speed settings from the original problem.

According to (8), the absolute error of the approximated solution is at most n - r. To
bound the relative error below a given ratio €, we need to have

o nr
—_ <
E* -

<e.

*

&

It follows that

E*
r< en . )

As we mentioned, a simple lower bound of E* is to run each task under its minimum speed,
which is F,,,;,. The right-hand side of (9) can be bounded by

eE* > eEmin
n — n

Hence, setting = €F,,;,/n satisfies condition (9) and bounds the relative performance
error under . We list an outline of the approximation in Algorithm 3. For completeness,
we include modifications for backtracking the speed settings.

Algorithm 3 A fully polynomial time approximation scheme for periodic tasks.

sort the n tasks in a non-increasing order of energy F;(1),1 <i<n
Lo = ((0,0,0))
calculate F,,,;,, and set r = EET
for i =1tondo

for all speeds j € 2; do

L;j =Li1® (uij7 [%]a])

end for

merge ng into a list L} in a non-decreasing order of energy

delete all states in Lj with @, + > _; 1 Cr/Tx > 1
10:  delete all states in Lj with &, + > p_; . Ex(S") > €aq + > p_;. 1 Er(1)
L; = Dominance-Prune(L})
12: end for
13: backtrack the lists from L,, to Ly to get the speed settings S™ = [S7, ..., S7]
14: return speed settings S” and the smallest state in L,,

R A S

—
—_

For a given performance bound €, we can determine an upper bound K of the total
number of undominated states by
K = Emaa: - Emzn o Emam - Emzn ﬁ
r Erin €
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Table I.  An example real-time workload with four periodic tasks

Tasks C; T; U; Required resources Normalized critical speed
Task 1 6.4 16 0.4 CPU only 0.4
Task 2 1.6 | 20 | 0.08 CPU + memory 0.4
Task 3 1.2 12 0.1 CPU + memory + flash drive 0.6
Task 4 | 1.08 9 | 0.12 | CPU + memory + wireless interface 0.6

Table II.  Energy consumption and utilization under different (normalized) processor speeds

Values in the optimal solution Values in the 0.5-Approximation

0.4 0.6 0.8 1.0 0.4 0.6 0.8 1.0

Task 1 | € | 272 | 4267 | 720 [ 1024 ENEE 5 8 11
ui; | 1.00 | 0.667 | 0.50 0.40 Ujj 1.00 | 0.667 0.50 0.40

€5

Task2 | i 1.48 1.60 2.20 2.88 [=+] 2 2 3 4
ui; | 0.20 | 0.133 | 0.10 0.08 Ujj 0.20 | 0.133 0.10 0.08

Task 3 | €i n/a 2.00 2.25 2.64 [5%] n/a 3 3 3
Ujj n/a | 0.167 | 0.125 | 0.10 Ujj n/a | 0.167 0.125 0.10

Tusk4 | €7 | Wa | 126 | 162 [ 2052 |[ [ ST n/a 2 2 3
Ui n/a 0.20 0.15 0.12 Uij n/a 0.20 0.15 0.12

Replacing K in the running time of the optimal algorithm, we get a time complexity in the
order of >_1" | m;2 2, which is polynomial in the number of tasks, speed levels, and 1/e.
We summarize the result in Theorem 4.2.

THEOREM 4.2. The approximated solution in Algorithm 3 is a fully polynomial time
approximation scheme of the energy optimization problem for periodic tasks with any rel-
ative performance ratio € € (0,1).

4.4 An Example

In this section, we present an example to simulate the execution of the proposed optimal
and approximation algorithms and compare their performance with the algorithm CS-DVS
from [Jejurikar and Gupta 2004].

Consider a simple real-time system with four periodic tasks as shown in Table I. They
have different execution time C; and utilization U; under the maximum processor speed.
The accumulative system utilization is 70%. We assume task 1 uses CPU only. In addition
to CPU, task 2 uses memory; task 3 requires both memory and flash drive to be standby
during half of its execution; task 4 requires memory and wireless interface to be standby
during half of its execution. Standby power consumption of the memory, flash drives, and
wireless interface was set to 0.2 W, 0.4 W, and 1 W, respectively. The processor model was
based on the Intel’s XScale as described in Section 3.

Table II shows the energy consumption e;; and utilization u;; starting from the critical
speed of each task. Values from the optimal solution and the approximation scheme with

€ = 0.5 are shown. The group size r of the 0.5-approximation is computed as EEM =
0.5- (611+€21 tesatess) _

= 0.9325. Energy and utilization values of approximation schemes
with other performance bounds can be obtained in a similar way.

Figure 3 illustrates the process to producing the optimal solution to the example problem
using tree structure. The sth level of the tree shows the partial solution to the first ¢ tasks.
Each node in the ith level represents a state in list L;. The root node represents the initial
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‘ 0,0 f: pruned by feasibility condtion
e: pruned by energy condition
d: pruned by dominance

task 1
1, 2.72 0.667,4.267  0.5,7.2 0.4,10.24
[ R SN N task 2.
0.867, 5.75 0.8, 5.87 .767, 6.467 0.747,7.147
task 3
0.93, 8.47 0.89,8.72 0.867, 9.107 0.91, 9.15 0.87,9.40 Q.847,9.786
task 4

1.07,10.37 1.02,10.73 0.987,11.159 1.05,11.05 0.997,11.41  0.967,11.84
optimal state

Fig. 3. Anillustration of the optimal solution process in Algorithm 2.

Table III. ~ Solutions to the example workload from different algorithms

Algorithms Assigned speed | Scaled utilization | Run-time (s) | Energy
No-DVS [1111] 70% 0 17.812
CS-DVS [0.80.611] 85.3% 0.016 13.492
Optimal [0.60.811] 98.7% 0.046 11.159

0.1-Approximation [0.60.811] 98.7% 0.030 11.159
0.5-Approximation [060811] 98.7% 0.025 11.159
0.8-Approximation [06111] 96.7% 0.021 11.839

state with zero utilization and energy values. The algorithm starts with branching on all
four speed levels of task 1, which generates four level-1 nodes. The left-most level-1 node
can be eliminated because it already has a utilization of 1.0 and cannot generate a feasible
complete solution after enumeration of the remaining tasks. The minimum energy used by
the first task among the other three nodes is 4.267; the maximum energy required by the
remaining three tasks can be computed as ea5 + €35 + €45 = 7.572. This leads to an energy
upper bound of 11.839. Node 3 and 4 exceed this bound even if the remaining three tasks
are set to their minimum speeds and they are removed. Node 2 becomes the only state in all
level-1 nodes that will appear in the optimal solution. Its branching generates four level-2
nodes corresponding to different speed levels of task 2. They are pruned in a similar way
to the level-1 nodes. This process continues until all four tasks are included. The optimal
state is reached by the level-4 node (0.987, 11.159). Its corresponding speed assignment
can be obtained by backtracking the tree structure. We can have a similar illustration about
the solution process of the approximation scheme with scaled energy values. Details are
omitted.

We present the energy minimization solutions from several different algorithms in Ta-

14



ble III. The algorithm No-DVS always runs tasks at the highest speed without scaling;
it is included for reference. The algorithm CS-DVS is effective in energy saving, with
25% less energy consumption than that of No-DVS. But the algorithm may incorrectly
favor tasks with large energy increase per unit time. The resultant speed settings leads
to a scaled system utilization of only 85.3% and 21% more energy consumption than the
optimal solution in this example. We list results of the approximation scheme with perfor-
mance bounds 0.1, 0.5, and 0.8 also in Table III. It can be seen that both 0.1-approximation
and 0.5-approximation obtain the same optimal solution although their energy values are
scaled. The result of the 0.8-approximation is not optimal. The performance degradation,
however, is only 6% relative to the optimal solution, much smaller than the pre-defined
80% bound. All algorithms complete quickly in less than 50 ms in a Pentium 4 machine
with 2 GHz processor.

5. SPORADIC TASKS
5.1 Problem Formulation

Due to the irregular release times of sporadic tasks, we consider online scheduling with
task timing parameters known only after task releases. When there is a new task release,
we first determine whether the task should be admitted by an acceptance test as suggested
in [Hong et al. 1998]. Suppose there are n ready tasks sorted in a non-decreasing order
of deadlines. Let C'i, bi denote the remaining execution time and deadline of task 7. We

i Oy

i=1 7, and

define the maximum instantaneous utilization of all tasks U,,ay as U; = >

Unnar = maxi<i<n U;. The task will not be admitted if Uypq, > 1.

Once the task is accepted, we will determine a speed assignment according to all ready
tasks with the objective of minimizing their energy consumption. For brevity, we will
consider a set of tasks released at time zero. In the general case for tasks released at
different times, we can easily adapt the formulation by considering only ready tasks and
by changing C;, D; to residue execution time and deadline, in a similar way to [Dey et al.
1996]. The optimal speed assignment can be formulated as

minimize ZEZ(SZ) (10)
i=1
Lo
subject to Zing,lgkgn (11)
i=1 "t
Smin < 8, <1, 1<i<n. (12)

The set of constraints in (11) ensures that the schedule is feasible for all tasks. The formu-
lation is involved with more constraints than (4)-(6) for periodic tasks. The problem is also
NP-hard, as shown in Theorem 5.1.

THEOREM 5.1. The problem defined by (10)-(12) is a Multidimensional Multiple-Choice
Knapsack Problem (MMKP) with 0-1 variables, which is NP-hard.

Proof: Let x;; = 1, if task 4 is assigned to speed j, j € ;; otherwise, x;; = 0. The
15



problem can be rewritten as:

minimize z”: Z E;i(Sij)xij

i=1 €,
k
. C;
subject to Z Z S.i. 2y <D, 1 <k<n
i=1jeQ,; Y
day=1L1<i<n
JEQ;

Let Dy, be the capacity cx, —F;(S;;) be the profit of item j from class ¢, denoted by p;;,
with the corresponding weight SC *, denoted by w; ;. We then transform the problem to
ij

n
maximize g g DijTij

i=1j€eQ;

n
subject to Z Z wikTi; < ek, 1 <k <n

i=15€Q;
injzl,lgign.
JEQ;
It is a class of MMKP with n dimensions, which is known to be NP-hard. O

5.2 Optimal and Approximated Solutions

MMKP is a generalization of MCKP and harder to solve. In fact, a typical MMKP is
NP-hard in the strong sense, which means any optimal solutions will lead to strictly ex-
ponential computational times and there is no FPTAS [Parra-Hernandez and Dimopoulos
2005]. We will show that by investigating inherent properties of sporadic task scheduling,
we are able to find a pseudo-polynomial solution and an FPTAS with bounded performance
degradation in polynomial running time.

We assume the tasks have been sorted in a non-decreasing order of their deadlines. Task
k will finish before its deadline as long as the execution time sum of the first k tasks
does not exceed Dy; it is not necessary to consider tasks completed later. This reduces
the complexity of constraint checking in the optimization process. Combined with the
iteration nature of the dynamic programming solution in Algorithm 2, it enables us to
satisfy the constraint at each iteration step. For example, after task ¢ is added and we have
a pruned list L;, we find all feasible states in L; satisfying the constraint of task ¢ and its
feasibility remains satisfied in later iterations. Therefore, after all the iterations, we get a
list of states satisfying all the n constraints.

Algorithm 4 lists principles of sporadic tasks speed assignment adapted from Algo-
rithm 2. We use t;; to denote the execution time of task ¢ under speed j, tix« to denote
one of the execution time sums of the first ¢ tasks in list L;. Unlike the periodic tasks
case, we do not check feasibility including tasks from i + 1 to n during the ¢th iteration in
line 8. This is because there are n constraints according to (11). The feasibility test needs
to be performed for all the n — ¢ tasks and would increase the worst case running time to
O(X_1; minK). The presented algorithm has the same time complexity as the case of
periodic tasks, which is O(>""_; m;K) in running time and O(nK) in space.
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Algorithm 4 Energy minimization for sporadic tasks using dynamic programming.

1: sort the n tasks in a non-decreasing order of deadlines
2: Ly = ((0,0,0))
3: fori =1ton do
for all speeds j € 2, do
L = Li—1 @ (tij, €45, j)
end for
merge L;; into a list L; in non-decreasing order of energy
delete all states in L} with ¢;, > D;
delete all states in Lj with €5, + > p_; . Ex(S) > e + > p_;. 1 Ex(1)
10: L; = Dominance-Prune(L})
11: end for
12: backtrack the lists from L,, to Ly to get the speed settings S* = [SF, .., S}:]
13: return S* and the smallest state in L,,

R P I AN U

Note that the speed assignment is optimal only in the sense that it minimizes the energy
consumption in executing all tasks without assumption about future task releases. The en-
ergy consumption could be further reduced with more knowledge about future task release
times, which would lead to an offline algorithm.

Algorithm 4 determines the lower bound for the NP-hard problem (10)-(12). As the
time complexity becomes significantly large with increased problem size, the algorithm
may not get the solution in moderate running time. In addition, as the speed decision is
made online, we expect it to be efficient with bounded performance degradation, rather
than optimal. It is not difficult to see that Algorithm 4 can be extended to an FPTAS in a
similar way to the approximation technique in Section 4.3. We omit details for brevity.

6. EXPERIMENTAL RESULTS

In this section, we evaluate the effectiveness of the proposed algorithms in energy savings
for both periodic and sporadic tasks. Experiments are based on the Intel’s XScale proces-
sor as described in Section 3. We assume negligible voltage switching overhead and CPU
idle power. In addition to the processor, the system has three other resources with standby
power consumption of 0.2 W, 0.4 W, and 1 W. These are typical values for memory, flash
drives, and wireless interface. Standby time for the resources as a percentage of task ex-
ecution time is assumed to be in the range of [20%, 60%], [10%, 25%], and [5%, 20%],
respectively. The values of standby power and time periods were based on the experimental
setting of [Jejurikar and Gupta 2004].

6.1 Periodic Tasks

We first evaluate effectiveness of the algorithms for periodic tasks. Tasks were assigned
random periods in the range of [10 ms, 120 ms]. We varied the processor utilizations from
0.1 to 1 in a step 0.1. For each utilization value, we generated 20 task sets, each containing
5 tasks. Utilization of each task was randomly chosen subject to the total utilization. Exe-
cution time of each task at the maximum processor speed is a multiplication of utilization
and task period. We label the resources by integers starting from 1 and assume tasks have
different resource requirements as R1=0, Ro={1}, R3={1, 2}, R4={1, 3}, and R5 = {1, 2,
3}
17
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Fig. 5. Time complexity of the optimal and approximation algorithms for periodic tasks.

We performed experiments on the generated task sets and report normalized energy con-
sumptions in Figure 4. We compare the proposed optimal algorithm for periodic tasks,
referred to as OPT-P, with the heuristic algorithm CS-DVS [Jejurikar and Gupta 2004]. As
critical speeds of all tasks are no lower than 0.4, it is not energy-efficient to set the proces-
sor below the speed. Both polices set the processor speed to 0.4 for utilizations up to 40%
by working at the critical speed. We have omitted those values to improve readability. The
reported energy consumption is normalized with respect to OPT-P. For all utilization val-
ues, CS-DVS consumes up to 16% more energy than the optimal solution. The difference
can be in part explained by the fact that CS-DVS terminates as soon as it finds a feasible
solution. It may end up with a total processor utilization far less than 1. Although the so-
lution can be possibly improved by a post-processing step choosing other speeds or tasks
to get an utilization closer to 1, there is no worst case performance guarantee. Another ob-
servation is that the approximation schemes can bound the performance degradation well
below their worst case values. For example, with a given ratio 0.1, the average error rela-
tive to the optimal solution is no larger than 3%. A small ratio such as 0.01 can provide a
nearly optimal solution with a polynomial complexity.
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Although both the optimal and approximation algorithms are more effective in energy
minimization than CS-DVS, they come at the cost of a higher time complexity. We con-
ducted experiments to measure the algorithm running time for different numbers of tasks.
Figure 5 shows the running time collected in a Pentium 4 machine with 2 GHz proces-
sor. It can be observed that running times of the proposed algorithms are below 0.09 ms
for systems with up to 50 tasks. The time complexity of the optimal algorithm increases
sharply when the task number exceeds 50. In all the cases, however, the approximation
algorithms require no more than 0.4 s to finish. We conclude that the proposed optimal
solution could be effectively used as the energy lower bound and the approximation would
provide a better energy-time trade-off than CS-DVS.

6.2 Sporadic Tasks

Under the same energy model as the last experiment, we evaluate the proposed online
scheduling algorithm for sporadic tasks. We include the results from a recent time-variant
DVS algorithm (TV-DVS) for online sporadic tasks [Zhong and Xu 2007] for compari-
son. Since the competitor is based on a continuous speed level, we rounded the computed
speeds up to their nearest neighbors. To compare the performance, we generated a group
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of sporadic tasks in a similar way to [Zhong and Xu 2007]. The minimal interarrival time
was set to 10 ms. We randomly set the maximum utilization of each task under the con-
straint that the accumulative utilization of all tasks at their maximum release rates does not
exceed one. Task deadlines were drawn from [10 ms, 120 ms]. Execution time of a task is
a multiplication of its maximum utilization and deadline. Interarrival times of a task were
chosen from an exponential distribution with averages ranging from 20 ms to 50 ms. Each
task was randomly assigned a subset of the available resources.

Figure 6 shows the results due to TV-DVS, the proposed optimal algorithm (OPT-S), and
the approximation algorithms in a run of 10 minutes. It is expected that TV-DVS consumes
much more energy without considering the impact of critical speed. When the number of
tasks is small, energy consumption of TV-DVS can be as large as 2.3 times that of OPT-S.
The performance difference is mainly due to the inefficiency of TV-DVS in running tasks at
speeds lower than their critical speeds. With increased number of tasks, system utilization
increases so that TV-DVS improves its performance by running tasks at higher speeds. As
TV-DVS is optimal only for processors with continuous speed levels and assumes identical
power characteristics of all tasks, the performance gap can still be as large as 30%.

We compare the overall execution time of the algorithms in generating speed sched-
ules of the 10 minutes run in Figure 7. Because TV-DVS has a linear time complexity,
its running time is consistently smaller than the others. All algorithms have comparable
complexities when the task number is small. The running time of OPT-S grows faster with
the number of tasks. But with more tasks, the number of energy values in each approxima-
tion group increases, which makes the approximation scheme more effective in reducing
the complexity. Figures 6 and 7 suggest that the approximation scheme provide a better
trade-off between energy and time complexity than the time-variant algorithm.

7. CONCLUSION

We have presented solutions to system-wide energy optimization for a group of hard peri-
odic real-time tasks. The energy minimization is proved to be an NP-hard Multiple-Choice
Knapsack Problem with non-integer coefficients. We develop a pseudo-polynomial dy-
namic programming algorithm in getting the optimal solution. A fully polynomial time
approximation scheme (FPTAS) is proposed to provide bounded performance guarantee
with moderate running time even for large problem size. Evaluation results in comparison
with a heuristic approach [Jejurikar and Gupta 2004] show the energy-efficiency of the
exact solution as the theoretical lower bound and the effectiveness of the approximation
schemes in providing bounded performance guarantee. For example, a relative perfor-
mance ratio of 0.01 can improve over the heuristic algorithm up to 16% with a polynomial
running time.

In addition to periodic tasks, we prove that energy minimization for sporadic tasks is
a Multidimensional Multiple-Choice Knapsack Problem, which is known to have strictly
exponential running time in getting the optimal solution. We exploit inherent properties of
the problem and show that we can have a pseudo-polynomial algorithm for exact solutions
and an FPTAS with bounded performance guarantee. The exact solution is optimal in the
sense it is online without any assumption about future task releases at the time of speed
assignment decision. Experimental results compared with a recent approach [Zhong and
Xu 2007] demonstrate superiority of the proposed algorithms in striking a better trade-off
between energy savings and time complexity.

20



Considering the fact that task execution time does not scale at the same rate as the pro-
cessor speed, we can extend the model and algorithms in this paper by splitting the task
running time into on-chip and off-chip time, as in [Choi et al. 2004] [Seth et al. 2006].
We finally note that recent techniques considering task procrastination in extending shut-
down intervals [Jejurikar and Gupta 2004], preemption control [Kim et al. 2004] [Zhuo and
Chakrabarti 2005], non-preemptive resources [Cheng and Goddard 2005], voltage transi-
tion overhead [Mochocki et al. 2005] can be applied to improve the policy. These issues
are important yet beyond the scope of this paper.
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