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Abstract—Dynamic voltage scaling (DVS) is a promising technique for battery-powered systems to conserve energy consumption.

Most existing DVS algorithms assume information about task periodicity or a priori knowledge about the task set to be scheduled. This

paper presents an analytical model of general tasks for DVS assuming job timing information is known only after a task release. It

models the voltage scaling process as a transfer function-based filtering system, which facilitates the design of two efficient scaling

algorithms. The first is a time-invariant scaling policy and it is proved to be a generalization of several popular DVS algorithms for

periodic, sporadic, and aperiodic tasks. A more energy efficient policy is a time-variant scaling algorithm for aperiodic tasks. It is

optimal in the sense that it is online without assumed information about future task releases. The algorithm turns out to be a water-

filling process with a linear time complexity. It can be applied to scheduling based on worst-case execution times as well as online slack

distribution when jobs complete earlier. We further establish two relationships between computation capacity and deadline misses to

provide a statistical real-time guarantee with reduced capacity.

Index Terms—Real-time systems, power-aware scheduling, dynamic power management, dynamic voltage scaling.
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1 INTRODUCTION

LOW energy consumption is a key design requirement in
real-time systems. This is especially important for

battery-powered systems, such as cellular phones and
portable medical devices, because low energy consumption
extends their limited battery life. An effective approach to
power reduction is based on dynamic voltage scaling (DVS),
which exploits the super linear dependence of the power
consumption of a CMOS processor on its operating voltage.
However, a reduction of the operating frequency leads to an
increase of service time. A challenge in applying DVS
algorithms to delay-sensitive applications is to achieve
maximum energy savings while still meeting all temporal
requirements of the system. It is known that most real-time
systems are designed according to their peak performance
requirements. Their capacities often exceed the average
throughput demand and their busy time usually accounts
for only a small fraction of application running time. This
makes it possible for DVS algorithms to reduce the processor
frequency and still ensure no tasks miss their deadlines.

There are significant studies on DVS-based real-time
scheduling for energy savings in the past decade. Most of
the algorithms are targeted at periodic tasks, assuming all
task timing information, including release time, execution
time (at the reference processor speed), and deadline, is
known in advance [1], [9], [20], [22], [29], [41]. Many
practical real-time applications involve both types of

periodic and aperiodic tasks. Algorithms in support of
aperiodic tasks can be found in [11], [15], [19], [24], [31], [34]
with explicit deadlines under the assumption that task
timing information is known offline. In contrast to periodic
tasks that have regular job releases, the release times of an
aperiodic task may be arbitrary with irregular intervals. The
irregularity calls for online scheduling algorithms without
assumed timing knowledge before job arrivals.

In addition to energy-delay trade-off, there are two other
design requirements for online aperiodic task scheduling.
One is to provide an algorithm with low time complexity
since the speed assignment is made online. The other is to
consider the impact of workload variation because the
actual execution time of a task can be far less than its worst-
case execution time (WCET). Existing online strategies in
support of real-time aperiodic tasks [30], [10], [28], [23], [16]
do not solve all of the issues completely. For example,
uncontrolled occasional deadline misses are possible by
using the slacked EDF [30]. The optimal periodic and
sporadic task scheduling due to [10] has a high time
complexity. DVSST [23] is a low complexity energy-efficient
algorithm. However, its energy saving is suboptimal.

1.1 Motivational Examples

Consider a simple real-time system with three aperiodic
tasks, T1ð1; 4Þ, T2ð2; 4Þ, T3ð1; 4Þ, where the pair of parameters
denotes WCET at full speed and relative deadline. Consider
jobs released during the first 10 time units. We assume T1

releases jobs at times 0 and 5, T2 at times 1 and 7, and T3 at
times 3 and 9.

Let Ji;j denote the jth instance of task i. Fig. 1a shows the
scheduling under EDF with the online algorithm DVSST
due to [23]. The speed setting is energy-efficient and can
achieve 38 percent energy savings compared to a schedule
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without DVS under a quadratic energy model. However,
the solution is suboptimal in comparison with an alternative
schedule in Fig. 1b, which has 8 percent more energy
savings. In fact, the schedule in Fig. 1b is optimal in the
sense it is online without knowledge of future job releases.
We will propose an efficient algorithm in deriving the
optimal speed setting in Section 4.

Both schedules in Fig. 1 save energy by slowing down
job executions. Due to the irregular releases of aperiodic
tasks, it is possible to have deadline misses for online
scheduling algorithms without assumptions about future
job releases. Consider a simple example with two jobs, both
with relative deadline 2. One is released at time 0 with a
WCET 1, the other at time 1 with a WCET 2. Under a
schedule without speed scaling, both jobs can finish before
their deadlines under the maximum speed, as shown in
Fig. 2a. However, an online energy-aware schedule will
slow down the speed of the first job. As a result, the second
job cannot finish before its deadline. If a job cannot finish
before its deadline, admission control can be integrated to
reject the job to ensure no deadline misses. Alternatively, it
can be admitted and served in a best-effort mode. Studies
using schedulability test can guarantee no deadline miss for
a set of sporadic tasks (a special type of aperiodic task with
a minimal interrelease time) under the worst-case scenario
assuming all tasks release jobs at their maximum rates [23].
However, as the interarrival times of a sporadic task can
vary widely, the worst-case scenario may seldom occur and
using the schedulability test is conservative by requiring a
high computation capacity or, equivalently, admitting few
tasks. Instead, we propose to allow a controllable deadline
miss so that the computation capacity can be significantly
reduced. The basic idea is to obtain output load distribution
under the condition that all jobs finish before their dead-
lines. We then consider the tail distribution to bound the
deadline misses under a given capacity.

1.2 Paper Organization and Contributions

In this paper, we tackle the design challenges for real-time
tasks using a model-based approach. Job releases (or
arrivals) are represented as a random process with a
general distribution. The voltage scaling process is modeled
as a transfer function-based filtering system which char-
acterizes output load as a linear combination of cycle
demands of uncompleted jobs. The major contributions are:

. A generalization of DVS policies. Existing DVS
algorithms were designed assuming knowledge of
task periodicity and any generalization is hardly
possible. Our scheduling model is based on jobs

instead of tasks. The model facilitates the derivation
of a time-invariant policy, which is proved to be a
generalization of several existing algorithms with
respect to energy consumption. Examples include
AVR for aperiodic tasks [34], DVSST for sporadic
tasks [23], and static voltage scaling for periodic
tasks [1], [22].

. An online efficient energy-efficient policy for aper-
iodic tasks. The policy is proved to be optimal
among all online scheduling policies without
assumptions about future job releases. The algorithm
is a water-filling process of information theory with
a linear time complexity in the number of tasks.
Considering the fact that most jobs seldom execute
up to their WCETs, we show the algorithm is readily
applicable to online slack distribution and outper-
forms a recent slack management scheme for general
tasks [16].

. Statistical real-time guarantee. We derive the in-
herent relationships between computation capacity
and deadline miss rate and provide statistical dead-
line guarantees to reduce the computation capacity.
Experimental results show that, with a small dead-
line miss rate of 1 percent, the maximum computa-
tion speed can be cut in half compared with the
worst-case scenario.

The rest of the paper is organized as follows: Section 2

defines a model for DVS, assuming continuous voltage

levels and ignorable time and energy overheads in voltage

switches. Section 3 provides a generalization of existing

policies. In Section 4, we propose a time-variant scheduling

policy for aperiodic tasks and show its applicability in

online slack distribution. Section 5 shows the effectiveness

of the proposed scaling policies in energy savings by

simulation. Statistical deadline guarantees due to capacity

configuration are discussed in Section 6. Section 7 reviews

related work. Section 8 concludes the paper.

2 SYSTEM MODEL

We consider a dynamic priority single-processor system

with a set of independent, preemptive tasks. The voltage

scaling process is based on a discrete time model, with t as

the scheduling time index. The input is viewed as a set of

jobs released in a certain sequence. The set of jobs under

consideration is denoted as J , which can be infinite in

general. Let nðtÞ be a subset of jobs released during time

½t� 1; tÞ. The request size of a job i 2 J , wi, is the required

number of CPU cycles. The relative deadline of job i is
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Fig. 1. Schedule solutions for a sporadic task set. (a) Schedule with

DVSST. (b) An alternative schedule.
Fig. 2. Deadline miss with an energy-aware schedule. (a) Schedule

without DVS. (b) An energy-aware schedule.



denoted as di. We assume the parameters of a job are known
only after its release.

The processor under consideration is assumed to
support a continuous range of voltage and speed. Con-
sidering the fact that most commercially available proces-
sors only provide a limited number of voltage levels,
researchers have proposed algorithms to map continuous
voltage levels to discrete ones [11], [15], [2]. The approaches
actually enable a processor to run at any speed. We
therefore do not explore the effect of a limited number of
processor speeds. We also assume the time and energy
overhead during frequency scaling is negligible. This is
valid in modern processors because the speed transition
time is usually under 100 �s and the actual time period
when the processor is unavailable in a transition is as short
as 10 �s [8]. The overhead is small compared to the
execution times of real-time tasks. Transition energy is the
energy consumed during the transition time. We assume
the energy is also ignorable. The energy function is first
assumed as a quadratic function of CPU frequency f2 in
Section 3 and later extended to a monotonically increasing
convex function, denoted as PðfÞ in Section 4.

Since the processor’s clock speed is determined by the
voltage setting, it is convenient to think of energy con-
sumption as a function of the processor’s time-dependent
frequency. Let lðtÞ denote the number of CPU cycles
allocated (or load) during time ½t; tþ 1Þ. It is the same as
the processor frequency per unit time. No speed change is
made during time ðt; tþ 1Þ. The total energy consumed in
any time interval ½t0; t1� under a schedule is

E ¼
Xt1
t¼t0

PðlðtÞÞ: ð1Þ

The voltage scaling problem is to assign appropriate voltage
levels and set corresponding processor speeds so that the
energy consumption is minimized and tasks finish before
their deadlines.

3 TIME-INVARIANT VOLTAGE SCALING

We show that voltage scaling activities can be modeled as a
transfer function-based filtering system. We first consider
the case when jobs have the same deadline in Sections 3.1
and 3.2. We will extend the model to support different
deadlines in Section 3.3.

3.1 The Filtering Model

We define the symbols used in describing the jobs and the
model in Table 1. Consider an aggregated input at time t0,
~wðt0Þ. The CPU resource allocation at time t, t � t0,
according to the arrivals at t0 is

lðt; t0Þ ¼ ~wðt0Þ � hðt; t0Þ; ð2Þ
where hðt; t0Þ is the portion of cycles allocated at time t to
job set nðt0Þ. As we intend to find the system load in order
to meet all job deadlines, the load at time t is equal to the
sum of all CPU cycles allocated to the jobs released during
the last dm time slots, i.e., from t� dm þ 1 to t. The load can
be expressed as

lðtÞ ¼
Xt

t0¼t�dmþ1

lðt; t0Þ ¼
Xt

t0¼t�dmþ1

~wðt0Þ � hðt; t0Þ: ð3Þ

Meanwhile, the number of CPU cycles consumed by a
job must be equal to its request size. In other words, the
scheduler will always allocate enough cycles to a job by its
specified deadline. Similarly to the load function, we have

~wðt0Þ ¼
Xt0þdm�1

t¼t0

lðt; t0Þ ¼
Xt0þdm�1

t¼t0

~wðt0Þ � hðt; t0Þ; ð4Þ

that is,

Xt0þdm�1

t¼t0

hðt; t0Þ ¼ 1: ð5Þ

The load function (3) and the scheduling (scaling) function
(5) together determine the voltage scaling process.

As we consider only jobs in the model, our method can
be applied for both periodic and aperiodic tasks. Given
either a set of periodic or aperiodic tasks, it is possible to
obtain the task statistics by acquiring (e.g., by sampling
technique) detailed timing information about the tasks or by
simulation on the target system [32]. Jobs in each task are
similar in the sense that they share the same statistical
behavior and the same timing requirement. Their inter-
arrival times are constant for a periodic task and identically
distributed random variables with a certain distribution for
an aperiodic task. Similarly, the execution times of jobs in a
task are also identical random variables. The statistical
behavior of the system does not change with time, that is,
the system is stationary [17]. With known job interarrival
and execution time distributions of a task set, we can get
marginal distribution and autocorrelation of the compound
input process ~wðtÞ by a measurement-based approach. For
example, the distribution can be measured by using a
histogram technique [36]; the autocorrelation can be
measured by summing products of input [21]. A special
case is, when the number of arrivals at each time and the
execution times of jobs are time independent random
variables with certain probability distributions, the process
~wðtÞ is a simple random process following a distribution of
random sum [7].

A scheduling process is time-invariant in the sense that
the scaling function does not depend on the release time of
a job. For a time-invariant scaling policy, we have
hðt; t0Þ ¼ hðt� t0Þ. We can further simplify the load func-
tion (3) as
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lðtÞ ¼
X1

t0¼�1
hðt� t0Þ � ~wðt0Þ ¼

Xt
t0¼t�dmþ1

hðt� t0Þ � ~wðt0Þ

¼ hðtÞ � ~wðtÞ;
ð6Þ

where “�” is the convolution operator. The second equality

is due to the fact that hðtÞ ¼ 0 for t < 0 and t � dm.

Similarly, the scaling function (5) can be written as

Xt0þdm�1

t¼t0

hðt� t0Þ ¼ 1 or
Xdm�1

t¼0

hðtÞ ¼ 1: ð7Þ

Equations (6) and (7) represent the scheduling process as a

perfect form of linear filtering system with a transfer

function hðtÞ. This not only facilitates the application of vast

filter design techniques in literature for optimal scheduling

algorithms design, but also simplifies the analysis of the

system load as it is only a linear combination of the last

dm input requests.

3.2 The Optimal Time-Invariant Voltage Scaling

Define h ¼ ½hðtÞ; hðtþ 1Þ; . . . ; hðtþ dm � 1Þ�0 and wðtÞ ¼
½ ~wðtÞ; ~wðt� 1Þ; . . . ; ~wðt� dm þ 1Þ� as vector forms of the

scaling functions and aggregated job sizes. Define �ðtÞ ¼
IE½wðtÞw0ðtÞ� as the covariancematrix of input process ~wðtÞ, in
the order of dm. We present the optimal time-invariant

voltage scalingpolicy in energyminimization inTheorem3.1.

Theorem 3.1. The optimal time-invariant voltage scaling for a

processor with a quadratic energy-speed relationship has a

unique solution that minimizes energy consumption.

Proof.Write (6) in vector form as lðtÞ ¼ h0wðtÞ. Consider the
minimization of expected energy consumption IE½l2ðtÞ�. It
is equivalent to minimizing the total energy consump-

tion in (1). We have:

IE½l2ðtÞ� ¼ IE½h0wðtÞh0wðtÞ� ¼ IE½h0wðtÞw0ðtÞh� ¼ h0�h; ð8Þ
subject to the constraint in (7).

The covariance matrix � is a symmetric positive
definite matrix. There exists an orthogonal matrixU such
that U�1�U ¼ � and � ¼ diagð�1; �2; . . . ; �dmÞ, where �i

are the eigenvalues of the matrix � and �i > 0.
Let y ¼ h0�h. It follows that y ¼ h0U�U�1h. Define

g ¼ U�1h. It follows that y ¼ g0�g. This is a standard
form. It is minimized when �ig

2
i ¼ �jg

2
j for any

1 � i; j � dm. Since h01 ¼ 1 and Ug ¼ h, there exists a
unique solution of h for the optimization problem. tu

The solution shows that the scaling function can be

determined by the covariance matrix of input process in the

order of dm. The matrix is an indication of job size

correlation structure. A special case is when the input

process ~wðtÞ is time independent. The covariance matrix

becomes diagonal and the solution becomes uniform.

Formally, we have:

Corollary 3.1. If the compound input process ~wðtÞ is independent
over time, the optimal time-invariant voltage scaling is to

allocate equal amount of cycles to a job at each time unit before

its deadline.

The uniform solution for input process can also be

obtained by the online AVR for aperiodic tasks in [34]. In

essence, it is a special case of the time-invariant scaling

when the input process is time independent.

3.3 Extension for Tasks with Different Deadlines

The proposed model can be readily extended to support

different deadlines. We achieve this by making a set of

running queues up to dm containing jobs with the same

deadlines. Scheduling is conducted in all of the queues

independently. At time t, the system load is a sum of load

from all queues, lðtÞ ¼Pdm
j¼1 ljðtÞ. The analytical model can

be applied to each queue with the same deadline. We only

need to show the optimality is maintained after the sum of

load. The expected energy consumption is as follows:

IE½l2� ¼ IE
Xdm
j¼1

lj

 !2
2
4

3
5 ¼ IE

Xdm
j¼1

l2j

" #
þ 2IE

Xdm
i¼1

Xdm
j¼iþ1

lilj

" #

¼
Xdm
j¼1

IE l2j

h i
þ 2

Xdm
i¼1

Xdm
j¼iþ1

IE lilj
� �

;

ð9Þ
where we omit the variable t for brevity. Assume the input

processes to different queues are statistically independent.

Each item IE½lilj� can be simplified as IE½li�E½lj�. Note that we

provide no service degradation for all jobs. The expected

load in any queue must equal the expected computation

requirement of input arrivals. For a system with stationary

input, the expected computation requirement is a constant.

The total energy consumption is then determined by the

sum of energy consumed from different queues, repre-

sented by the first item in the last equation of (9). Due to

task independence, the total energy consumed is minimized

if and only if energy consumed in each queue is minimized.

3.4 Energy Savings

In this part, we will prove that an existing algorithm

(DVSST in [23]) for sporadic tasks and the static voltage

scaling [1], [22] for periodic tasks are special cases of the

time-invariant voltage scaling with respect to energy

savings. Consider a sporadic task set T ¼ fT1; T2; . . . ; Tng.
Task j has two associated parameters, the minimum

interarrival time between two consecutive jobs of the task

and WCET, denoted as pj, ej, respectively. It was assumed

that the relative deadline of task j equals pj and CPU speed

is scaled by a frequency-scaling factor, �, the normalized

speed with respect to the maximum processor speed [23].

Theorem 3.2. In a DVS enabled processor, the DVSST algorithm

for sporadic tasks and the uniform allocation lead to the same

amount of energy consumption.

Proof. In DVSST, the speed will only be scaled under two

cases. One is, at the time a job is released, the factor is

increased by ej=pj for task j if the deadline of the last job

from the task has passed; the other is, when a job

finishes, the factor is scaled down by ej=pj. No change is

made in all other cases. Use �n to denote the nth change

to � at time t. We summarize how �n changes as

4 IEEE TRANSACTIONS ON COMPUTERS, VOL. 56, NO. 3, MARCH 2007



�n ¼
�n�1 þ ej

pj
; a new instance of Tj is released

�n�1 � ej
pj
; deadline of last instanceof Tj passes

no change otherwise ðincluding idleÞ:

8><
>:

To apply the analytical results to the sporadic task
model, we consider a time-independent process from a
sporadic task set. Applying the result in Corollary 3.1,
cycle allocation for job j is uniform before its deadline.
The allocated cycles for the job in each time slot are
wj=pj. If there is a job release at time t, the load is
increased by the amount wj=pj in the next pj time slots.
After time tþ pj, the job finishes and the load is
decreased by the same amount. If multiple job releases
exist at the same time, the procedure repeats. Similarly to
DVSST, the load at t for the nth change is

lnðtÞ ¼
ln�1ðtÞ þ wj

pj
; a new instance of Tj is released

ln�1ðtÞ � wj

pj
; deadline of last instance of Tj passes

no change otherwise ðincluding idleÞ:

8><
>:

Let �s be the set of all scaling-factor change intervals
for a set of sporadic tasks during time ½0; � �, i.e.,
�s ¼ f�0; �1; . . . ; �ng. Let �s ¼ f�0; �1; . . . ; �ng be the set
of all scaling factors corresponding to the intervals in �s.
Denote fj as the operating frequency in interval �j and
fðtÞ as the frequency at time t. According to (1), the total
energy consumed in interval � using DVSST can be
expressed as

EDVSST ¼
X�
t¼0

l2ðtÞ ¼
X�
t¼0

ðfðtÞ � 1Þ2 ¼
Xn
j¼0

f2
j �j

¼
Xn
i¼0

�2
j f

2
max�j ¼

Xn
j¼0

e2j f
2
max�j

p2j
:

ð10Þ

Note that lðtÞ ¼ fðtÞ � 1 holds because the load is the

number of cycles in a time unit. Similarly, energy

consumed by the uniform allocation is

Euni ¼
X�
t¼0

l2ðtÞ ¼
Xn
j¼0

l2j ðtÞ � �j ¼
Xn
j¼0

ðwj

pj
Þ2 � �j

¼
Xn
j¼0

e2j f
2
max�j

p2j
:

ð11Þ

We use ljðtÞ to denote the load at time slot t during the

jth interval, which is a constant during the interval as

there is no speed change. The last equation holds because

the requested number of cycles, wj, equals the worst-case

execution time, ej, multiplied by the maximum processor

frequency, fmax. Equations (10) and (11) are equal. This

proves the two voltage scaling approaches lead to the

same energy consumption. tu
According to [23], DVSST will give the same results as

the static scaling approach [1], [22] for periodic tasks if all

sporadic tasks are released at their maximum rates. We

hence have the following corollary:

Corollary 3.2. The static voltage scaling for periodic tasks and

the uniform allocation lead to the same amount of energy

consumption.

4 TIME-VARIANT VOLTAGE SCALING

The scaling policy discussed in the preceding section is
optimal in the sense that the scaling function does not
change over time. The energy consumption can be further
reduced if we adapt the function in response to unfinished
jobs and new job releases.

Similarly to the time-invariant case, we make separate
running queues, each containing jobs with the same
deadlines. Scheduling is conducted in the queues in the
order of increasing deadlines. A difference is the existence
of interdependence between different queues when the
scaling function varies with time. We tackle this issue by
letting queue j contain only jobs with the same residue
deadline j. Newly released jobs are dispatched into
respective queues according to their deadlines. After jobs
with a deadline of j are served at current scheduling slot,
their new deadline becomes j� 1. Jobs entering queue j at
time t with a deadline of j will enter queue j� 1 at time
tþ 1 and complete at tþ j. Denote the load at time t in
queue j as ljðtÞ. The system load lðtÞ at t is a sum of the load
of all queues,

Pdm
j¼1 ljðtÞ.

4.1 The Optimal Time-Variant Voltage Scaling

Consider a time interval ½0; dmÞ. We start from time zero and
omit the variable t for brevity. Define qj as the backlog of
queue j, including jobs released at the current time. We
formulate and solve the optimization problem in the
following theorem:

Theorem 4.1. The optimal delay maximized scheduling can be

achieved by finding a schedule that

Minimize E ¼
Xdm�1

i¼0

P
Xdm
j¼iþ1

ljðiÞ
 !

ð12Þ

Subject to ljðiÞ > 0; 0 � i � dm � 1; 1 � j � dmXj�1

i¼0

ljðiÞ ¼ qj; 1 � j � dm:
ð13Þ

The optimal solution can be achieved by the following process

for queue j, 1 � j � dm:

ljðiÞ ¼ lj �
Xj�1

k¼iþ1

lkðiÞ
 !þ

; 0 � i � ðj� 1Þ; ð14Þ

where the notion ðxÞþ ¼ maxðx; 0Þ and lj is determined by
evaluating the backlog constraints (13).

Proof. According to (1), the energy consumed isPt1
t¼t0

PðlðtÞÞ. The load at the ith time slot is the sum
over all queues with larger residual delay than i, i.e.,Pdm

j¼iþ1 ljðiÞ. Based on all of the current and past jobs
information, the optimization criterion becomes

E ¼
Xdm�1

i¼0

PðlðiÞÞ ¼
Xdm�1

i¼0

P
Xdm
j¼iþ1

ljðiÞ
 ! !

:

It is the average of the energy consumption summed
over all queues in the next dm time slots. This shows the
minimization of energy consumption is to minimize (12).
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The constraints (13) mean the backlog in queue j must
be scheduled in the next j time slots. Including the
constraint, the minimization becomes a standard con-
strained optimization problem. It can be solved by using
Lagrange Multipliers. For all i and j, we form the
Lagrangian

LðljðiÞ; �jÞ ¼
Xdm�1

i¼0

P
Xdm
j¼Iþ1

ljðiÞ
 !

� �j

Xj�1

i¼0

ljðiÞ � qj

 !

and differentiate L with respect to ljðiÞ, assuming it is
differentiable. Applying the Kuhn-Tucker conditions, we
have

@PðPdm
j¼iþ1 ljðiÞÞ
@ljðiÞ � �j ¼ 0:

Solve the condition for
Pdm

j¼iþ1 ljðiÞ. We get

P
Xdm
j¼iþ1

ljðiÞ
 !

¼ �jljðiÞ þ C;

where C is a constant. As the power function is assumed
to be monotonically increasing, the inverse function of
Pð�Þ exists, denoted as P�1ð�Þ. The conditions then
become

Xdm
j¼iþ1

ljðiÞ ¼ P�1ð�jljðiÞ þ CÞ

Xj�1

k¼iþ1

lkðiÞ þ ljðiÞ þ
Xdm
k¼jþ1

lkðiÞ � P�1ð�jljðiÞ þ CÞ ¼ 0:

For brevity, we let �0
j ¼ P�1ð�jljðiÞ þ CÞ. The condi-

tions can then be written as

Xj�1

k¼iþ1

lkðiÞ þ ljðiÞ þ
Xdm
k¼jþ1

lkðiÞ � �0
j ¼ 0

ljðiÞ ¼ �0
j �

Xdm
k¼jþ1

lkðiÞ �
Xj�1

k¼iþ1

lkðiÞ:
ð15Þ

The conditions in (15) give the solution for queue j at

time i, depending on the values of all other queues.

This dependency makes it hard to solve. Let lj ¼
�0
j �
Pdm

k¼jþ1 lkðiÞ for queue j. The conditions become

ljðiÞ ¼ lj �
Xj�1

k¼iþ1

lkðiÞ:

Consider the fact that the load ljðiÞ is nonnegative. This
leads to the conditions (14) with an unknown value lj.
The value can be determined by the constraints (13)
given queue backlog qj. Therefore, we get the values of lj
and ljðiÞ that satisfy the conditions (15). Note that the
conditions are only necessary for the existence of a global
minimum. Since the optimization function is convex, the
conditions are also sufficient. tu
The key part of the solution is to determine the bound lj

given a queue backlog qj. Once we get the bound, any
feasible schedule can be used for task executions. The

variable lj can be interpreted as the maximum system load,
or processor speed similarly, which is set for queue j during
the next j time slots based on current queue backlog. The
reserved cycle allocation at the ith time slot is

Pj�1
k¼iþ1 lkðiÞ.

The solution is simply a substraction between the cap lj and
the aggregated load. If the resulting load is negative, no
more cycles will be allocated at the time slot. As a result of
the solution, the load is a nonincreasing function of the time
slot. Formally, we have the following property:

Corollary 4.1. The speed setting according to Theorem 4.1 for
any queue j, ljðiÞ, is a nondecreasing function of i for i ¼ 0,
1; . . . ; j� 1.

To distribute the queue backlog qj between different
queues, the solution pushes the starting time of each job as
far as possible under the deadline constraint. By taking
queue 5 as an example, Fig. 3 illustrates the basic idea
graphically. The vertical white areas indicate the accumu-
lated reserved allocation at different times. The queue
backlog is first distributed to the latest time slot with the
lowest accumulated load, denoted by the shaded slot 4. As
the input increases further, parts of the requests will be put
into busier slots. When all of the queue backlog has been
distributed, we get the bound lj. The request distribution is
similar to a water-filling process in which power is
distributed among a set of parallel Gaussian channels for
maximum information capacity [3]. Many problems in
information theory can be solved by constructing solutions
in a form of water-filling structure. Recent examples include
maximization of the sum of the communication rate in
multiuser environments subject to individual power con-
straints [35], minimization of data transmission energy in a
Gaussian channel [14], and in a fading channel adapting to
both channel states and queue backlog [33].

4.2 Speed Assignment Algorithm

In this subsection, we develop an iterative algorithm to find
the optimal speed setting. In [38], we presented a schedule
due to (14). An alternative policy under EDF is listed in
Algorithm 1 to find the speed of a group of jobs released at
time 0. In the general case, when jobs are released at
different times, the algorithm can be applicable by
considering all ready jobs, in a similar way to [4], [10]. We
assume the jobs are arranged in a nondecreasing order by
their deadlines.

As speed change is allowed only at job release or
completion, we group queues and jobs with the same speed
into one state to improve time efficiency. The algorithm
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Fig. 3. Water-filling illustration of the speed assignment for queue 5.



maintains a set of states. Each state contains indices of jobs
in a subset S having the same service speed lS with a cycle
demand wS summed over all jobs in S. Initially, we have a
list L containing the first job from a set of jobs. In each
iteration, job i is added with a speed either smaller than or
identical to the last speed in L. In the former case, we
continue to the next job; in the latter, we keep checking the
next speed in L and merge jobs with the same speed to one
state until all cycles of job i are distributed. After
n iterations, the speeds of all jobs are stored in list L. The
maximum number of states in L is n, which occurs when
the else part of the while loop is executed up to its
maximum number, n� 1. On the other extreme, there is
only one state in L, meaning the maximum number of state
merging is taking, n� 1. Any other case is a combination of
n� 1 executions of the if and else parts. Therefore, the
algorithm has a linear time in determining speed settings of
n jobs. The average running time for each job is constant.

Algorithm 1 Getting optimal speed setting online for a set

of jobs ready at time 0 under EDF.

1: S1 ¼ f1g, wS1
¼ w1, lS1

¼ w1=d1
2: Initialize L with state ðS1; wS1

; lS1
Þ, denoted by S1

3: for i ¼ 2 to n do . add job i at the ith iteration

4: Si ¼ fig, wSi
¼ 0, lSi

¼ 0, � ¼ di � di�1

5: append Si to the end of L

6: while wi > 0 do

7: let the last state in L as S0

8: let the second to the last state in L as S00;
S00 ¼ ð0; 0;1Þ if there is only one state in L

9: if wi > ðlS00 � lS0 Þ� then . job i has a larger

speed than lS00 ; need to check next speed in L

10: wi ¼ wi � ðlS00 � lS0 Þ�
11: merge S0 and S00 into one state �S,

w �S ¼ lS00� þ wS00 , l �S ¼ lS00

12: � ¼ � þ wS00=lS00

13: else. job i has a smaller speed than lS00 ; done with

job i

14: wS0 ¼ wS0 þ wi, lS0 ¼ lS0 þ wi=� , wi ¼ 0

15: end if

16: end while

17: end for

18: for each state Si 2 L and each j 2 Si do . size of

S1 [ S2 . . . [ SjLj is n

19: return normalized speed lSi
with respect to

maximum load for job j

20: end for

When we use the algorithm online for dynamic job
releases, we need to replace job execution time and deadline

with its residue time and deadline. The algorithm is
invoked whenever there is a new job and makes a speed
assignment based on uncompleted jobs and the newly
released job. Its worst-case running time for one job is still
OðnÞ. This occurs when a newly released job has the earliest
deadline, in which case, all jobs finished later may have to
be rescheduled. The best cases occur either when all ready
jobs are newly released or when we only need one speed for
all uncompleted jobs and the newly released job has the
largest deadline. In both cases, the time needed for one job
is constant. The average running of the algorithm is
between constant and OðnÞ.
4.3 Online Slack Management

Real-time applications usually have nondeterministic ex-
ecution times or complete earlier than their WCETs. Aydin
et al. applied a priority-based slack distribution based on
the remaining execution times of high priority tasks for
periodic tasks, named DRA [1]. Recently, Lee and Shin
proposed an online slack management algorithm, called
OLDVS [16], for a general task model. They used a similar
priority-based approach to determine whether a slack is
reclaimed by other tasks.

The time-variant voltage scaling can also be used for
slack distribution combined with the priority-based slack
determination. Each time a request finishes earlier, we
apply the solution process in (13) to compute the next speed
setting using residual execution times for unfinished jobs.
EDF is used to schedule jobs under the speed due to its
optimality even for aperiodic tasks. The solution can be
illustrated using a simple example with three jobs with
Jiðri; wi; diÞ as J1ð0; 2; 2Þ, J2ð0; 2; 4Þ, J3ð0; 1; 5Þ. Suppose the
actual execution time of the first job is 1 and jobs 2, 3 take
their WCETs. Fig. 4a is a schedule without online slack
distribution. During time ½1; 2Þ, the processor is idle. Fig. 4b
shows the slack distribution using priority-based slack
stealing. In this simple example, both OLDVS and a slighted
adapted DRA can give the same schedule. Only job 2 claims
the online slack in the schedule. However, jobs 2 and 3 are
both ready for execution at time 1 and job 3 should also be
considered in the slack distribution. TV-DVS computes a
new speed considering all ready jobs after job 1 finishes.
Fig. 4c is a schedule using TV-DVS for speed setting and
EDF for scheduling. We get a constant speed of 0.75 during
the time ½1; 5Þ, which is optimal due to the convexity of the
energy function. TV-DVS remains efficient even if job 2 or 3
finishes earlier. If there is only one job ready, TV-DVS
would give the same schedule as the priority-based slack
distribution.
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In TV-DVS, deadline misses occur only when the

required computation speed is higher than the maximum

processor speed. Intuitively, the resulting processor speed

will not be increased by starting a job earlier than its worst-

case planning. If the worst-case planning guarantees no

deadline miss, the guarantee also holds after reducing the

speed. Formally, we present this result in Theorem 4.2.

Theorem 4.2. Using TV-DVS for online slack distribution

preserves the feasibility of the WCET-based schedule.

Proof. Supposeat time t, a job finishes earlierwitha slack time

�t. If the slack is not claimed by other jobs, the WCET-

based schedule and feasibility do not change. We assume

the slackwill be claimed byn ready jobs. Let �s be the set of

all scaling-factor (or normalized speed) change intervals in

the worst-case schedule of the n jobs, �s ¼ f�0; �1; . . . ; �ng.
Let �s ¼ f�0; �1; . . . ; �ng be the set of all scaling-factors

corresponding to the intervals in �s, as shown in Fig. 5a.

According to Corollary 4.1, �0 � �1 � . . . � �i . . . � �n.

Denote the updated factor after slack distribution for

interval i as �0
i. In TV-DVS, speed setting is deter-

mined by distributing a request between its start and

end times. If there is a deadline miss at time interval i,

the required CPU speed must be larger than the

maximum available speed, i.e., �0
i > 1. As TV-DVS

guarantees �0
0 � �0

1 � . . . � �0
i . . . � �0

n, we have �0
0 > 1

when there is a deadline miss. In other words, �0
0 � 1

with a feasible WCET-based schedule.
We consider the distribution of the slack time �t. The

scaling-factor after the first job claims the slack time is
computed as �0

0 ¼ �0
�0

�0þ�t . In the case �0
0 � �1, as in

Fig. 5b, no further speed change is necessary and �0
0 is

the speed setting after slack distribution. As �0
0 < �0 � 1,

this ensures no deadline miss.
In the second case, �0

0 < �1, the speed setting of the
first job will be increased. We perform the water-filling
process considering the interval �1 and the updated
factor is �00

0 ¼ �0
1 ¼ �0

0
�tþ�0

�tþ�0þ�1
¼ �0

�0
�tþ�0þ�1

in Fig. 5c. As
�00
0 < �1 � �0 � 1, we have �00

0 < 1. Again, it ensures no
deadline miss.

Finally, if the updated �00
0 is smaller than the next

speed �2, the above two-case analysis must be repeated
until we either get a speed higher than the speed in the
next interval (finish with case 1) or we reach the end of
the job list (finish with case 2). In each analysis step, the
speed setting is guaranteed to be smaller than
�0 ð�0 � 1Þ. Therefore, no deadline miss is possible. tu

5 EXPERIMENTAL EVALUATION

We evaluated the performance of the proposed schemes in a
simulation environment with a processor capable of voltage
and frequency scalings. The main objective is to demon-
strate the effectiveness of the proposed scalings in energy
savings. We assumed the energy consumption was a square
of processor speed. We ignored the overhead to switch to
power-down mode and assumed no energy was consumed
in the power-down mode for simplicity.

We first assumed each job took its worst-case time to
execute or had deterministic execution time. We imple-
mented the following schedulers for performance evalua-
tion in this case:

. No-DVS, which schedules jobs using the maximum
available speed and shuts down the processor
whenever there is no ready job.

. Offline: The offline optimal algorithm of Yao et al.
[34]. It serves as a theoretical lower bound on energy
savings. We implemented the algorithm with time
complexity Oðn2Þ.

. DVSST: An online processor scaling algorithm for a
sporadic task model with constant time complexity
due to Qadi et al. [23].

. TI-DVS: The time-invariant voltage scaling, which
has a constant time complexity.

. TV-DVS: The time-variant voltage scaling with a
linear time complexity.

To investigate the impact of variation on job execution
times, threeonline slackdistributionpolicieswere integrated:

. DVSST + CC (Cycle-conserving EDF): Worst-case
schedule using DVSST combined with the reclaim-
ing algorithm due to Pillai and Shin [22]. Both have
constant complexity.

. TV-DVS + OLDVS: The time-variant voltage scaling
and the reclaiming algorithm of Lee and Shin [16]
with a linear and constant complexity, respectively.

. TV-DVS + TV-DVS: A unified solution for both
schedule based on WCET and slack distribution
based on TV-DVS with a linear complexity.

We point out that the cycle conserving technique
proposed by Pillai and Shin is readily applicable to DVSST
for online slack distribution. This is because DVSST scales
processor speed using a frequency scaling factor, similarly
to the utilization approach. The only modification to the
DVSST algorithm is to reduce the frequency factor by the
amount of rj=pj at the time when a job finishes earlier,
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Fig. 5. Slack distribution to all ready jobs. (a) Slack �t to be reclaimed by n jobs. (b) Case 1, �0
0 � �1. (c) Case 2, �0

0 < �1.



where rj and pj are the unused WCET of the job and
deadline for task j. If there is no ready job, the processor is
shut down to conserve energy.

Recall that TI-DVS can take the autocorrelation structure
of the input process into account. However, experimental
results show that the structure has little effect on energy
savings. The scheduling function was computed using
Theorem 3.1. We compared the energy consumption with
that of a uniform allocation by Corollary 3.1. The
performance gap is within 1 percent for all of the test
cases. This suggests that, for input processes with different
autocorrelation degrees, a uniform allocation is generally
enough as far as energy consumption is concerned. As
pointed out before, the uniform allocation is equivalent to
DVSST in energy savings, which means the performance
gap between DVSST and TI-DVS is within 1 percent. We do
not present the results of TI-DVS for energy savings to
improve the readability of the figures.

5.1 Input with Deterministic Execution Times

We first evaluate the algorithms with a real-world applica-
tion: the Robotic Highway Safety Marker (RSM) used in
[23]. The RSM application was designed to control robot
movements. It can be roughly divided into two stages: the
path length calculation of robot movement and a serial of
tasks for each move. The task set can be modeled as a
sporadic task set because each task has a minimum
separation period. The execution times of these tasks are
very deterministic. We assumed the tasks were run in a
processor in which voltage was adjusted with the frequency
and a decrease in speed led to a quadratic energy saving.
We incorporated the Rabbit 2000 processor speed specifica-
tions [23] in the simulation.

We experimented with a scenario in which the robot was
constantly moving without idle periods. Each experiment
simulates 500 robot moves with different path lengths. The
results of No-DVS and Offline are upper and lower bounds
of energy consumption. Fig. 6 shows the normalized energy
consumption with respect to that of No-DVS. It reveals that
an increased path length leads to decreased energy
consumption. Since it takes fixed time to determine the
path length, a longer path will amortize the overhead and
result in a lower processor utilization. More energy savings
are possible with low average load because more idle
intervals exist in the schedule without DVS. With all the
lengths, the proposed TV-DVS leads to more than 40 percent
energy savings compared with No-DVS, about 10 percent

better than DVSST. One remarkable result is that the

consumed energy of TV-DVS is close to the offline solution.

The performance gap is around 5 percent. Recall that

Offline requires a priori knowledge about both timing and

size information of job releases. In contrast, TV-DVS is

online and can be easily integrated.
We compare the running times of two online algorithms,

TV-DVS and DVSST with linear and constant running

times, respectively. Because we do not have the actual

running time of the algorithms on the simulated processor,

we estimate their running time by first running the

algorithms on a Pentium M laptop at 700 MHz clock rate

and then project their running times onto the simulated

processor. For tasks generated from RSM in Fig. 6, the total

execution time of 500 robot moves adds up to 77.6 s. The

running times of DVSST and TV-DVS are estimated as 0.44 s

and 0.57 s, respectively. Although TV-DVS is more complex

than DVSST, which has a constant running time, its

overhead is about 0.7 percent of the overall task execution

time. The energy overhead for each speed computation is

determined by a cubic function of speed multiplied by

algorithm running time. The reported energy in Section 5.1

is a combination of algorithm energy overhead and tasks

energy expenditure. As TV-DVS does not introduce sig-

nificant running time overhead, the impact of algorithm

energy overhead on total energy expenditure is hardly

noticeable.
Since different voltage scaling algorithms may benefit

from the task timing parameters differently, it is necessary

to investigate different input patterns and processor

utilization for a fair comparison. We next evaluate the

schedulers by using a randomly generated input. Because of

the irregular job releases of aperiodic tasks, the processor

utilization is not easy to control. We characterize the

utilization by interarrival times of jobs and number of

tasks. Two groups of input were used. The first was

generated with different numbers of tasks. Jobs interarrival

time was assumed to follow an exponential distribution

with mean 100 ms. To enable the use of DVSST, we

assumed there was a minimal 10 ms interarrival time

between any two consecutive jobs of a task. The required

execution cycles of each job were generated following a

normal distribution nð100; 10ÞK. In the second group, we

fixed the number of tasks as 20 and varied the interarrival

time. In both tests, the deadline of each task was set to 10 ms.

We assumed a processor model with continuous frequency

levels ranging from10MHz to 200MHz. The results in Figs. 7

and 8 show that all of the DVS policies lead to significant

energy savings with different task patterns. Although with

slightly different performance gaps, TV-DVS consistently

outperforms DVSST and is close to Offline. When the

processor has more idle intervals, characterized by a small

number of tasks and large interarrivals, all of the DVS

algorithms offer more energy savings. However, the energy

savings gaps are reduced. This is because,with lowprocessor

utilization, few jobs are running in the system. More jobs can

be run at a constant speed with all of the DVS algorithms,

which leads to the minimum energy consumption.
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Fig. 6. Energy consumption with the Robotic Highway Safety Marker

application.



5.2 Impact of Variability in Actual Workload

The actual execution times of real-time applications are
often nondeterministic and smaller than their WCETs. We
investigate the impact of variability in the actual workload
with online slack distribution. Workload variation is
measured by a ratio of best-case execution time, BCET, to
WCET. In each run, the actual execution time of a job was
drawn from a normal distribution. The mean and the
standard deviation were set to ðBCETþWCETÞ=2 and
ðWCET� BCETÞ=6, respectively, as suggested in [29].
Under this setting, 99.7 percent of the execution times fall
in the range [BCET, WCET] approximately. The input
process was generated following a sporadic task model in
the same way as the last experiment with 30 tasks. The
mean interarrival time was set to 60 ms. Simulated energy
consumption of the techniques is presented in Fig. 9.
When BCET=WCET ¼ 1, no slack distribution is possible.
The performance is the same as the one in Fig. 8 with
mean interarrival 60 ms. As the ratio decreases, i.e., the
actual execution times are more variable, the performance
of all schemes improves by reclaiming unused CPU slack.
For example, DVSSTþ CC and TV-DVS provide 18 per-
cent and 21 percent more energy savings compared with
their worst-case execution, respectively. The relative
performance of all schemes also improves with a more
variable workload. Offline has definite advantages over
other techniques as it has exact knowledge of the actual
execution times of all jobs. TV�DVS provides consis-
tently more energy savings than the other two online
approaches. However, only marginal improvement is
achieved over TV�DVSþOLDVS. Recall that the use

of TV�DVS for online reclamation only outperforms
OLDVS in case of multiple ready jobs at the time of slack
distribution. The marginal performance gap implies this
situation does not occur frequently under the experi-
mental setting.

6 STATISTICAL REAL-TIME GUARANTEE

To guarantee that all tasks meet their deadlines, conditions
must be placed on the task set. The provisioning of
statistical real-time guarantee was motivated by the
schedulability test for sporadic tasks [23]. It was proven
that, for a sporadic task set with deadline equal to
minimum task interrelease time pj, DVSST will succeed in
scheduling the tasks if and only if the summed utilization is
smaller than one when all sporadic tasks are released at
their maximum rates,

Xn
j¼1

ej
pj

� 1: ð16Þ

It is conservative by considering the worst-case scenario. In
fact, the average interarrival time can be much larger than
the minimum interval for a sporadic task. As a result, the
average processor utilization would be very low under the
worst-case configuration. To relax the condition, we allow
the total utilization larger than one. This can result in
system overload or deadline misses. We characterize the
deadline misses by an overload probability v, defined as the
probability that the required CPU speed surpasses the
maximum frequency fmax or capacity, i.e., probðlðtÞ > fmaxÞ.
Admission control needs to be enforced in the presence of
overload. We can either reject the job causing overload or
admit it and schedule the unfinished part when the
processor has enough resources, similarly to the task
transformation technique in [32]. Although the overload
probability is different from the deadline miss rate, it
provides a safe bound for deadline misses.

6.1 Bounds for Deadline Misses

6.1.1 A General Bound

We first provide an upper bound of the overload
probability for a general input with the minimum amount
of input statistics required, the load mean �l and standard
deviation �l in Theorem 6.1.

Theorem 6.1. An upper bound of the overload probability for a
general input is
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Fig. 8. Energy consumption of synthetic workload with different

interarrival times.

Fig. 7. Energy consumption of synthetic workload with different number

of tasks.

Fig. 9. Impact of variability in actual execution time.



v � �2
l

�2
l þ ðfmax � �lÞ2

: ð17Þ

Proof. From Chebyshev’s inequality, it is known that

FfIg � a�1IE½uðyÞ�;
where y is a random variable, I is an interval, FfIg is a
distribution function, and uðyÞ > a > 0 for all y in I.

Substitute y with system load lðtÞ and define uðlðtÞÞ ¼
ðlðtÞ þ xÞ2 with x > 0. It can be verified that uðlðtÞÞ >
ðfmax þ xÞ2 > 0 for lðtÞ > fmax > 0. Therefore,

probðlðtÞ > fmaxÞ � 1

ðfmax þ xÞ2 IE½ðlðtÞ þ xÞ2�:

Since

IE½ðlðtÞ þ xÞ2� ¼ �2l þ �2
l þ 2x�l þ x2;

we have

probðlðtÞ > fmaxÞ � 1

ðfmax þ xÞ2 ðx
2 þ 2x�l þ �2

l þ �2
l Þ:

The right side of the inequality takes the minimum value
at x ¼ ��l þ �2

l =fmax and the minimum value is the same
as (17). This proves the theorem. tu
The theorem reveals that the overload probability is

determined by the system load mean and variance. In case
the input arrivals are highly variable, the system load
variance can be a dominating factor in determining the
capacity. The theorem is useful in the sense that it provides
a unified solution that applies to all distributions with finite
first and second order moments. From the theorem, it is
easy to get an estimate of the computation capacity fmax and
overload probability given statistics of input process.

Corollary 6.1. If the compounded input process ~wðtÞ is time-
independent, the chance of overload using TI-DVS can be
characterized by

v � �2
~w

�2
~w þ ðfmax � � ~wÞ2dm

; ð18Þ

where � ~w and �2
~w are the mean and variance of the marginal

distribution of the input process.

Proof. According to Corollary 3.1, the function hðtÞ should
be set to a constant value 1=dm for an independent
process. Thus,

�2
l ¼ �2~w

Xt¼1

t¼�1
h2ðtÞ ¼ �2

~w

dm
:

The load mean must equal the input mean as we will
allocate enough resources to all requests, �l ¼ � ~w.
Substituting the two variables into (17) completes the
proof. tu

6.1.2 A Tight Bound with Known Distribution

The bound by Theorem 6.1 is loose as it is for a general
input. It can be tightened if the underlying distribution is
known. In the time-invariant voltage scaling, the load is

modeled as a linear combination of input and a voltage
scaling function hðtÞ. The output distribution pðlðtÞÞ can be
readily obtained by convolutions of the input distribution
pð ~wðtÞÞ [38]. Once we get the output distribution, the
overload probability v can be calculated by considering its
tail distribution v ¼ probðlðtÞ > fmaxÞ ¼

R1
fmax

pðlðtÞÞdlðtÞ. Si-
milarly, we can calculate the capacity requirement fmax with
a given overload probability v as fmax ¼ P�1ð1� vÞ, where
P ð�Þ is the CDF of load distribution pð�Þ.

As the convolution is computationally expensive, we can
use a histogram-based technique in estimating the output
distribution to simplify the analysis. A histogram of output
load can be obtained by a profiling or online monitoring in a
time window. The output values are a series of numbers
ranging from the minimum lmin to the maximum number of
cycles per unit time lmax. We put the numbers into m equal
size bins. Each bin contains ðlmax � lminÞ=m values, denoted
as lm. Let ni be the number of values in the ith bin. The
number ni

n denotes the percent of values that is in the range
ðlmin þ i � lm; lmin þ ðiþ 1Þ � lm�. The cumulative distribution
function of the output load can be estimated as
P ðlmin þ ðiþ 1Þ � lmÞ ¼

Pi
j¼0

nj

n . With an overload probabil-
ity setting as v, we can find the index of the bin by

v ¼ probðlðtÞ > lmin þ ðiþ 1Þ � lmÞ
¼ 1� P ðlmin þ ðiþ 1Þ � lmÞ:

The boundary of the ith bin lmin þ ðiþ 1Þ � lm can be used as
a tight capacity bound corresponding to the overload
setting. The histogram-based technique has been shown to
be effective in estimating the distribution of task cycle
demands in DVS [27], [36]. In contrast, we use it to estimate
the system load distribution and bound deadline misses.

6.2 Experimental Results

We next demonstrate the effectiveness of the analytical
results in providing a controllable deadline guarantee.

6.2.1 Capacity Configuration

Consider the sporadic task set used in the previous
experiments with 20 tasks and the minimal intersepara-
tion time 10 ms. Task deadline was set to the minimal
interarrival. The worst-case execution cycles were uni-
formly drawn from [10, 100] K. According to the
schedulability test based on the worst-case scenario (16),
the capacity for the sporadic task set can be computed asP20

i¼1 wi=10ms � fmax. For the task set we used in the
following experiment, the sum of all task sizes is 1,230 K
cycles. The minimum capacity 123 MHz was chosen as
the worst-case configuration.

To relax the capacity bound, we first estimate the output
load distribution for both TI-DVS and TV-DVS. Then, a
tight capacity bound is computed. The histogram-based
technique is used for simplicity. Fig. 10 shows the capacity
bounds with varied mean interarrival times given an
overload probability 1 percent. The bound computed with
a known distribution cuts the worst-case bound in half for
most interarrival times. The improvement increases with a
larger interarrival because the worst-case scenario becomes
less likely to take place. The bound is reduced to as far as
25 percent when the mean interarrival reaches 100 ms. A
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loose upper bound for general input from Theorem 6.1 is
also included for comparison. The bound is loose as it
assumes less input statistical information and works for a
general input distribution. In addition, it does not consider
the 10 ms minimal interarrival in the experimental setting.
However, it can still give tightened capacity bounds for
more than half of the test cases. Another observation is that
the TV-DVS scheduling consistently outperforms TI-DVS
from 6 percent to 15 percent. This implies TV-DVS is more
effective in reducing load variance.

6.2.2 Deadline Misses

The capacity bounds can be tightened compared with the
bounds based on the worst-case scenario. However, this is
achieved by allowing deadline misses. We investigated the
amount of deadline misses by a given tightened capacity
configuration. As the system may become unstable in the
presence of overload, we implemented two types of
overload handing strategies. One is to reject the job
resulting in overload so that hard real-time support is
provided to all admitted jobs. The other is to provide soft
real-time support in which the overload part of the job is
put in a FIFO queue and scheduled in a best-effort manner
whenever the system has enough resources. The processor
is run at its maximum speed until the waiting queue is
empty. After that, we continue to scale the processor using
the scaling policies.

We generated the input sporadic task with mean
interarrival time 80 ms. The corresponding capacity using
TI-DVS is 113.6 MHz for a general input; 40 MHz when the
underlying distribution is known. Both capacities are
computed with a target overload probabilities 1 percent.
The bounds are tightened more than the worst-case
estimate, as can be observed from Fig. 10. Similarly, the
capacity is 105.7 MHz for a general input and 37 MHz with
known distribution using TV-DVS. We experimented with
the general bounds and found no system overload or
deadline misses for both TI-DVS and TV-DVS. This shows

the conservativeness of the estimate because of the target
1 percent overload probability.

The simulation results of scheduling with a tightened
capacity bound are shown in Table 2. By buffering jobs
resulting in overload and scheduling the overloaded part
later, we have slightly heavier load using the best-effort
overload handling. Similarly, the mean completion time is
also higher as more jobs are admitted. Because of occasional
overload, 0.63 percent of the jobs are rejected in TI-DVS and
0.61 percent in TV-DVS. The same amount of jobs miss their
deadlines with the best-effort strategy. Both numbers equal
the actual overload because both rejection and job delay
occur only at the time of system overload. Since the best-
effort approach runs overloaded jobs only at the time when
the system has enough resources, it does not increase the
overload number. In both cases, the deadline miss rates are
effectively bounded by the 1 percent overload probability in
simulation setting.

7 RELATED WORK

There is extensive research in real-time systems on DVS. A
major focus is on the periodic task model under RM or EDF
scheduling. A general approach is to allocate CPU resource
to applications based on their WCETs with known job
release times and deadlines [1], [9], [20], [22], [29], [41].
Online slack distribution techniques are then applied to
reclaim slacks when tasks finish earlier. For example, Mejı́a-
Alvarez et al. assigned speed to a group of periodic tasks by
mapping the energy minimization to an NP-hard Multiple-
Choice Knapsack Problem and proposed approximated
solutions [20]. Pillai and Shin proposed a Static Voltage
Scaling algorithm to scale the processor voltage by a factor
equal to the minimum utilization required for a group of
periodic tasks to remain schedulable [22]. Cycle-conserving
(CC) and Look-Ahead algorithms were proposed to claim
unused CPU time. Zhu and Mueller improved the slack
reclamation for dynamic workload by a feedback controller
within the EDF scheduling algorithm [41]. Aydin et al. used
a similar voltage scaling approach for periodic tasks based
on WCET [1]. They applied a priority-based slack distribu-
tion utilizing the unused execution times of high priority
tasks. The basic idea was later applied to periodic tasks with
nonpreemptible sections [37], to a hard real-time task graph
with precedence constraints for a multiprocessor environ-
ment [26], [40], and to slack distribution between processor
slowdown and shutdown [12]. In this paper, we study a
general task model in a single-processor system considering
processor slowdown.
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Fig. 10. Comparison of required CPU computation speed.

TABLE 2
Statistics of TI-DVS/TV-DVS with a Tightened Capacity (Interarrival � expð80msÞ)



Another research focus on DVS is for algorithms in
support of real-time aperiodic tasks [11], [15], [19], [24], [31],
[34]. For example, Yao et al. provided an optimal
preemptive offline real-time scaling algorithm for a set of
independent aperiodic tasks with arbitrary arrival times
and deadlines on a variable speed processor [34]. Its time
complexity is Oðn2Þ (or Oðnlog2nÞ for a sophisticated
implementation), where n is the number of tasks. Manzak
and Chankrabari presented an algorithm that could be used
for both periodic and aperiodic tasks with prior knowledge
of job timing information [19]. Quan and Hu extended the
algorithm in [34] by a near-optimal fixed-priority scheduling
algorithm with the same assumption that all timing
parameters are known offline [24]. The effect of a limited
number of available processor speeds was considered in
[11], [15], [31], [2]. For example, Swaminathan and
Chakrabarty modeled energy minimization using DVS as
a network flow graph for both periodic and aperiodic tasks
and solved it optimally in moderate running time [31].
Kwon and Kim proposed an optimal procedure to trans-
form the scheduling resulting from [34] with a continuous
range of voltage levels into that with a limited number of
levels [15]. The procedure was based on the results of [11],
which showed that an optimal voltage allocation is to use
the two voltages that are the immediate neighbors to the
ideal voltage.

The above algorithms for aperiodic tasks are offline
because they assume known job timing information before
job releases. Aperiodic tasks usually have arbitrary release
times, which calls for online DVS algorithms. An online
scheduling heuristic approach, called Average Rate heur-
istic (AVR), was proposed also by Yao et al. for aperiodic
tasks [34]. Each task is associated with its average-rate
requirement, defined by dividing its required number of
cycles by its relative deadline. Sinha and Chandrakasan
proposed an algorithm for aperiodic task scheduling [30].
They assumed a stationary processor utilization over the
scheduling slots, which is not always valid. Both algorithms
may result in deadline misses by scaling the processor for
energy reduction. With a focus on energy saving, the impact
on deadline misses was not analyzed and no feasibility
condition was used to guarantee schedulability.

Online algorithms in [10], [28], [23], [16] can provide
hard real-time support to aperiodic tasks. Hong et al.
considered a mixed real-time workload of both aperiodic
(online) and periodic (offline) tasks [10]. They used an
online acceptance test for both tasks to provide hard real-
time guarantee (OPASTS). Its time complexity is pseudo-
polynomial with the number of jobs in a hyperperiod.
Algorithms with reduced complexity were also considered
for a set of aperiodic tasks (STS) with Oðn2Þ for scheduling
of n ready tasks (OðnÞ time averaged for each task). In this
paper, we proposed a more efficient algorithm (TV-DVS),
which only needs OðnÞ for speed assignment of n tasks. In
addition, STS may reject more aperiodic jobs by scaling the
processor without knowledge of future job releases. The
impact of the algorithms on rejection was not addressed.
The proposed relation in this paper between computation
capacity and an overload probability can be used to provide
a bound for rejection ratio. Finally, they did not consider the

fact that a job can finish earlier than its WCET. In contrast,

we propose a unified efficient solution to both WCET-based

scaling and online slack management.
There exist efficient online algorithms for aperiodic tasks

without deadline misses [28], [23], [16]. Sharma et al.

investigated the use of DVS (RTDVS) in Web servers [28].

They applied a synthetic utilization bound for a set of fixed-

priority aperiodic tasks to guarantee no deadline misses.

However, their utilization bound is only a sufficient

condition, which implies that a larger utilization does not

necessarily lead to CPU overload. As a result, they may

conservatively deny more requests than necessary. We

consider a dynamic priority system to fully exploit the

energy saving opportunities.
Qadi et al. considered a special type of hard real-time

task, referred to as a canonical sporadic task model with

minimum job interrelease time [23]. They proposed a CPU

scaling algorithm based on task WCET that could guarantee

all tasks meet their deadlines and proved its optimality

when only CPU frequency could be scaled. In this work, we

proposed a scaling policy that could lead to more energy

savings when processor voltage can be changed dynami-

cally with frequency setting. In [23], deadline guarantee is

provided by a schedulability test requiring the summed

utilization of all tasks released at their maximum rates

smaller than one. But, the test is conservative as the

interarrival time of a sporadic task can vary widely and

the worst-case utilization may seldom take place. In this

case, it is more efficient to let the worst-case utilization

exceed one in which the schedulability condition fails to

provide any guarantee. By considering the frequency with

which the worst-case scenario happens, we allow a

controllable deadline miss by investigating the relationship

between computation capacity and deadline miss rate. The

computation capacity can be greatly reduced with a small

QoS constraint.
A general task model was recently studied by Lee and

Shin [16]. They proposed an algorithm, referred to as

OLDVS, focusing on slack management when jobs finish

earlier. In contrast, we proposed a unified solution for both

WCET-based scheduling and online slack distribution. The

solution for online slack distribution outperforms OLDVS

by allowing slack distribution to multiple ready jobs.
We note that there is work on stochastic analysis of

periodic real-time systems, but with no energy considera-

tions; see [5], [32] for examples. There also exists stochastic

analysis for DVS dealing with the uncertainty of execution

time demand [9], [18], [36]. They assume or measure the

demand distribution of applications and adjust CPU speed

based on the distribution. In our approach, instead of

statistical analysis of input time demand, we analyze the tail

distribution of system load.
A categorization of the most closely related investigations

for online aperiodic tasks is summarized inTable 3 in termsof

1. whether the schemes provide a real-time guarantee,
2. whether they generate a schedule based on WCET,
3. whether they support online slack management

when tasks finish earlier,
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4. whether they optimize energy consumption among
all online algorithms without knowledge of future
task releases, and

5. time complexity of the algorithm.

8 CONCLUSION

In this paper, we have presented a filtering model to
characterize the relationship of input process, scheduling,
and system load. The model facilitates the derivation of two
DVS algorithms, time-invariant and time-variant. The time-
invariant algorithm is proved to be a generalization of
several existing approaches for different task models with
respect to energy savings. The time-variant algorithm is
essentially a water-filling process. It is more efficient and
easily integrated into existing schedulers. It is effective in
energy savings for WCET-based schedules as well as online
slack distribution. We further provide statistical perfor-
mance guarantees to bound the deadline miss rate with
reduced computation capacity. Two bounds are derived,
depending on different amounts of required statistical
information. One is a loose upper bound for a general
distribution with limited first and second moments. The
other is tight based on load distribution.

We have limited our focus to minimizing the dynamic
power consumption of a processor. It is expected that the
leakage will significantly affect the overall energy con-
sumption in a CMOS circuit [6]. The impact of leakage
power has been studied using both continuous speed levels
[25] and discrete ones [13]. A recent generalization of
existing approaches with a practical processor model was
presented in [2]. It has been shown that the existence of
leakage power causes a critical speed under which it is no
longer energy efficient for the overall energy consumption
[13]. The proposed solutions in this paper are still optimal if
the derived speeds are not lower than the critical speed.
Otherwise, the speeds should be rounded to the speed for
energy-efficiency, which destroys the optimality of the
solution. However, the existence of critical speed intro-
duces another constraint in getting the optimal solution. An
exact analysis of its impact is beyond the scope of this
paper. We investigated this issue and the impact of I/O
standby power in [39].
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